Mathematica 11.3 Integration Test Results

Test results for the 547 problems in "3.3 u (a+b log(c (d+e
x)"n))*p.m"

Problem 17: Result more than twice size of optimal antiderivative.

J(a+bLog[c (d+ex)”])4d1x

Optimal (type 3, 131 leaves, 6 steps):

—24abdndx+24bntx - 24 b* n3 (d+ex) Log[c <d+ex)n] )
e
12 b2 n? (d+ex) (a+bLog[c (d+ex)”])2

4bn (d+ex) (a+blog|c (d+ex)”])3 (d+ex) (a+blog|c <d+ex)”])4

+
e e

Result (type 3, 390 leaves):

1 (—b“dn“Log[d+ex]4+4b3dn3 Log[d+ex]® (a-bn+blog[c (d+ex)"]) -
e

6b%dn?Log[d+ex]? <a2—2abn+2b2n2+2b (a-bn) Log[c (d+ex)"] +b*Log|c (d+ex)”]2) +
4bdnLog[d+ex] (a3—3a2bn+6ab2n2—6b3n3+3b (a>-2abn+2b’n?) Log[c (d+ex)"] +
3b? (a-bn) Log|c (d+ex)"}2+b3 Log|c (d+ex)“]3> +
e x (a4—4a3bn+12a2b2n2—24ab3n3+24b4n4+4b (a*>-3a’bn+6ab’>n*-6b’>n’)
Log[c (d+ex)"] +6b* (a>-2abn+2b’n?) Log|c (d+ex>”]2+
4b° (a-bn) Log|c (d+ex)”}3+b4Log[c <d+ex)“]4>)

Problem 18: Result more than twice size of optimal antiderivative.

J(a+bLog[c (d+ex)”])3dlx

Optimal (type 3, 99 leaves, 5 steps):

6ab2n2x—6b3n3x+6b3n2 (d+ex) Log[c (d+ex)"] )

3bn (d+ex) (a+blog|c (d+ex)”])2 (d+ex) (a+blog|c <d+ex)“])3

+
e e

Result (type 3, 219leaves):
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o |

(b3dn3Log[d+ex]3—3b2dn2Log[d+ex]2 (a—bn+bLog[c (d+ex)"}) +

3bdnlLog[d+ex] (aZ—Zabn+2b2n2+2b (a-bn) Log|c <d+ex)”] +b? Log|c <d+ex)”]2) +
ex (a3—3a2bn+6ab2n276b3n3+3b (a>-2abn+2b?n?) Log[c (d+ex)"] +
3b* (a-bn) Log|c (d+ex>“}2+b3 Log|c <d+ex)”]3))

Problem 24: Unable to integrate problem.

J(a+bLog[c (d+ex)”])5/2d1x

Optimal (type 4, 179leaves, 7 steps):

2 bL d "
—i15b5/zefﬁn5/2\/7(d+ex) (c <d+eX)n)71/nEr‘-Fi[\/a+ og[c( +ex) }

ge VB

15b%n? (d + e x| \/a+bLog[c (d+ex)"]

|+

4e
5bn (d+ex) (a+blog|c (d+ex)”])3/2 (d+ex) (a+blog|c (d+ex)”])5/2

N
2e e

Result (type 8, 20leaves):

J(a+bLog[c (d+ex)”])5/2dlx

Problem 25: Unable to integrate problem.
J(a+bLog[c (d+ex)”])3/2dlx

Optimal (type 4, 143 leaves, 6 steps):

3032 n¥2r (d+ex) (c(d+ex)") VT ERfi| a*bw&[cﬁexm ]
n

4e

3bn (d+ex) \/a+bLog[c (d+ex)"] . (d+ex) (a+blog|c (d+ex)”])3/2
2e e

Result (type 8, 20leaves):

J(a+bLog[c (d+ex)"])3/2d1x

Problem 26: Unable to integrate problem.
J\/aerLog[c (d+ex)"} dx

Optimal (type 4, 111 leaves, 5steps):
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_\/Fe’ﬁ\/?\/? (d+ex) (c (d+ex)")’1/" Erfi| a+bL°ng[c\ﬁn+ex)] ]

+

2e

(d+ex) \/a+bLog[c (d+ex)"]

e

Result (type 8, 20 leaves):

J\/a+bLog[c (d+ex)"] dx

Problem 52: Result more than twice size of optimal antiderivative.
J(-F+gx)3 (a+bLogc (d+ex)””3dlx

Optimal (type 3, 598 leaves, 19 steps):
6ab? (ef-dg)’n?x 6b3(ef—dg)3n3x 9b3’g(e1"—dg)2n3’<d+ex)2
e3 ) e3 ) 8 et
2b’g? (ef-dg)n®(d+ex)® 3b’g’n®(d+ex)® 6b>(ef-dg)’n? (d+ex) Log[c (d+ex)"]
9e* . 128 e* i et i
9b2g (ef-dg)®n? (d+ex)? (a+blog[c (d+ex)"])

N
4 e*

2b%g? (ef-dg)n? (d+ex)’ (a+blog[c (d+ex)"])
3et
3b2g>n? (d+ex)* (a+blogfc (d+ex)"]) 3b(ef-dg)’n(d+ex) (a+blogf[c (d+ex)"])

+

2

32¢ et
obg (ef-dg)®n(d+ex]® (a+blog[c (drex)"])*
b g2 (ef—dg)n(d+ex)§?:+bLog[c (d+ex)””2_3bg3n(d+ex)4(a+bLog[c (d+ex)””2+
(ef-dg)’ (d+ex) (a4+T)Log[c (d+ex)”])3+3g(ef7dg)2 (d+ex)21(§ibLog[c (d+ex)"])? )
g2 (ef-dg) (d+ex)3e(a+bLog[c (dvex)"])? g (d+ex>4(a+bLongc (dvex)"])?

+
et 4 4

Result (type 3, 1241 leaves):
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(—288b3d (-4e’fP+6de*f?g-4d°efg’+d’g’) n®Llog[d+ex]®+72b*dn®Log[d+ex]?
1152 e*
(-12a (4e*f>-6de*fPg+4ad’efg’-d’g’) +b (48e> > -108de’ f> g+ 88d°efg’-25d°g’)
n-12b (4e®f*-6de’fg+4d’efg’-d®g®) Log[c (d+ex)"]) -
12bdnLlog[d+ex] (—72a2 (4’ -6de’fPg+4d’efg’-d’g?) +
12ab (48e*f>-108de’f°g+88d*efg’-25d°g’) n+
b (-576 e > + 1512de* f? g - 1360 d* e f g* + 415d° g*) n* -
12b (12a (4e’f-6de’ fPg+4d’efg’-d’¢g’) +
b (-48e>f>+108de’ f2g-88d2efg?+25d>g?) n) Log[c (d+ex)"] -
72b? (4e’f>-6de’ f2g+ad’efg’-d®g’) Log|c (d+ex)”]2) +
e x (288a3e3 (4fP+6fgx+afg?x?+g’x*) -72a’bn (-12d>g>+6d*eg® (8Ff+gXx) -
4de’g (18F2+6fgx+g’x*) +e® (48F°+36Fgx+16Fg’x*+3g>x%)) +
12ab’n? (-300d’ g’ +6d°eg? (176 f+13gx) -4de’g (324f>+60Ffgx+7g° x*) +
e’ (576 F° +216 fPgx+64fg>x*+9g>x*)) -b>n® (-4980d> g’ + 30 d* e g® (544 f + 23 gx] -
4de®g (4536 > +456 f gx+37g>x*) + e’ (6912 > + 1296 f> g x + 256 f g2 x> + 278> X*) ) +
12b (72a%e’ (4P +6fgx+4fg>x>+g>x*) -12abn (-12d°g>+6d’eg® (8F+gX) -
4de’g (18F>+6fgx+g>x*) +e’ (48F+36f gx+16Fg> x> +3g° %)) +
b>n* (-300d>g>+6d*eg® (176 f+13gx) -4de’g (324 f2+60fgx+7g°X*) +
e (576 7+ 216 f2 gx+64fg>x*+9g>x*) ) ) Log[c (d+ex)"] +
72b% (12ae’ (4Ff +6f gx+4fg’x*+g>x*) -bn (-12d°g>+6d*eg® (8F+gx) -
4de’g (18F>+6fgx+g>x*) +e’ (48> +36F gx+16fg°x*+3g>x°)))
Log|c (d+ex)”}2+288b3e3 (af+6f gx+4fg’x?+g>x?) Log|c (d+ex)”]3))

Problem 55: Result more than twice size of optimal antiderivative.
j(a+bLog[c (d+ex)”])3d1x

Optimal (type 3, 99leaves, 5steps):

6ab2n2x—6b3n3x+6b3n2 (d+ex) Log[c (d+ex)"] )
e
3bn(d+ex) (a+blog[c (d+ex)"])® (d+ex) (a+blog[c(d+ex)"])’

+
e e

Result (type 3, 219leaves):
1 (b3dn3Log[d+ex}3—3b2dn2Log[dJrex]2 (a-bn+blogfc (d+ex)"]) +
e

3bdnLog[d+ex] (a272abn+2b2n2+2b (a-bn) Log[c (d+ex)"] +b*Log|c (d+ex)”]2) +
ex (a3—3a2bn+6ab2n2—6b3n3+3b (a®>-2abn+2b?n?) Log[c (d+ex)"]| +

3b (a-bn) Log|c (d+ex)”}2+b3 Log|c <d+ex)“]3))
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Problem 56: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[c (d+ex>”})3

f+gx
Optimal (type 4, 158 leaves, 5steps):

(a+bLlog|c (d+ex)”])3Log[%%§§L} 3bn (a+blog|c <d+ex)"])2PolyLog[2, - gldex) ]
+

ef-dg
g g
6 b2 n? (a+bLog[c (d+ex>”” PolyLog[S, fgéit—zz)-] 6 b3 n3 P01yLog[4, J%é:t—jz)—]
+
g g
Result (type 4, 335leaves):
1 (a-bnlog[d+ex] +blog[c (d+ex)"])? Log[f+gx] +
8
3bn(a-bnlogld+ex] +blog|c (d+ex)"])?
f d
Log[d + e x] Log[w] +p01y|_og[2, M J+
ef-dg —ef+dg
.F
6 b2 n2 (a—anog[d+ex] +bLog[c (d+ex)”]) iLog[meX}zLog[M] +
2 ef-dg
d d
Log[d +ex] PolyLog|2, M} - Polylog|3, g(drex) .
-ef+dg —ef+dg
f d
b3 n3 (Log[d+ex}3 Log[w] +3Log[d+ex]2PolyLog[2, M _
ef-dg -ef+dg
d d
6 Log[d +ex] PolyLog[B, M} +6PolyLog[4, M] ]
-ef+dg -ef+dg

Problem 57: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[c (d+ex)””3

<-|E+gx)2

Optimal (type 4, 190 leaves, 5 steps):

(d+ex) (a+blog|c (d+ex)“])3 3ben (a+blog|c (d+ex>””2Log[e_(igL>_]

B ef-dg
(ef-dg) (f+gx) g(ef-dg)
6b2en? (a+blog[c (d+ex)"]) PolyLog|2, 7%?—3?] 6 b en3 Polylog|3, 7%1‘&—2?}
+
gef-dg) gef-dg)

Result (type 4, 410leaves):
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! -3b (ef-dg)nlogld+ex] (a-bnlog[d+ex] +blog|c (d+ex)””2+
glef-dg) (f+gx
3ben (f+gx) Log[d+ex] (a-bnLog[d+ex] +bLlog|c (d+ex)"})27
(ef-dg) (a-bnLog[d+ex] +blog|c (d+ex>"])3—
3ben (f+gx) (a-bnlog[d+ex] +blog|c (d+ex)”])2Log[f+gx}+

3b>n® (a-bnlog[d+ex] +blog[c (d+ex)"])

.F
Log[d + e X] g(d+ex)U@[d+ex]72e(f+gx)ug[gi—:§il]
ef-dg
d
2e (f+gx) PolylLog|2, §4£4jji§l, +
-ef+dg

[e (f+gx)]

g (d+ex) Log[d+ex] -3e (f+gx] Log
ef-dg

b3 n3 (Log[d+exj2

d d
7g( +ex) ] +6e (f+gx) PolyLog[3, 7g< +ex)

-ef+dg -ef+dg

I

6e (f+gx) Log[d+ex] Polylog|2,

Problem 60: Result more than twice size of optimal antiderivative.
J(f+gx) (a+bLog[c (d+ex)"])*ax

Optimal (type 3, 340leaves, 13 steps):
24ab’ (ef-dg)n*x 24b* (ef-dg)n*x Bb‘lgn“(d+ex)2
- + +

e e 4 e?
24b* (ef-dg)n® (d+ex) Log[c (d+ex)"] 3b>gn3(d+ex)? (a+blog[c (d+ex)"])
e? B 2 @2
12b? (ef-dg) n? (d+ex) (a+bLogc (d+ex)”])2
e2
3b2gn? (d+ex)® (a+blogc (d+ex)"])?
2¢e?
4b (ef-dg)n (d+ex) (a+bLog{c(d+ex)”])3 bgn(d+ex)? (a+blog[c (d+ex)"])

- +
2

+

3

e? e

(ef-dg) (d+ex) (a+blog|c (d+ex)"”4 8 (d+ex)? (a+bLog[c (d+ex)"])
e? 2¢?

4

Result (type 3, 748leaves):



Mathematica 11.3 Integration Test Results for 3.3 u (a+b log(c (d+e x)”~n))p.nb | 7

1 (2b4d (-2ef+dg) n*Log[d+ex]*-
4 ¢e?

4b’dn’log[d+ex]’ (-4aef+2adg+4befn-3bdgn+b (-4ef+2dg) Log[c (d+ex)"]) +
6b%>dn?Log[d+ex]? (a2 (-4ef+2dg)+2ab(4ef-3dg)n+

b> (-8ef+7dg)n?+2b (-4aef+2adg+4befn-3bdgn) Loglc (d+ex)"] +

2b% (-2ef+dg) Log|c (d+ex)”}2> -2bdnlog[d+ex]

(a3 (-8ef+4dg)+6a’b (4ef-3dg)n-6ab*(8ef-7dg)n’+3b> (16ef-15dg) n’-
6b (a? (4ef-2dg) +b? (8ef-7dg)n’+ab(-8efn+6dgn)) Log[c (d+ex)"]| +
6b> (-4aef+2adg+4befn-3bdgn) Log|c (d+ex)“]2+
4b° (-2ef+dg) Log|c (d+ex)”}3) +

ex (Za“e (2f+gx) +3b*n* (32ef-30dg+egx) -6ab*n® (leef-14dg+egx) +
6a’b’n’ (8ef-6dg+egx)-4a’bn (4ef-2dg+egx] +
2b (4a’e (2f+gx) -3b>n® (16ef-14dg+egx) +
6ab’n’ (8ef-6dg+egx) -6a’bn (4ef-2dg+egx)) Log[c (d+ex)"]| +
6b”> (2a%e (2f+gx) +b°n® (Bef-6dg+egx) -2abn (4ef-2dg+egx))
Log[c (d+ex)”}2+4b3 (2ae (2f+gx) -bn (4ef-2dg+egx))
Log|c (d+ex)"}3+2b4e (2f+gx) Log|c (d+ex)"}4>)

Problem 61: Result more than twice size of optimal antiderivative.

J(a+bLog[c (d+ex)n])4dlx

Optimal (type 3, 131 leaves, 6 steps):

aabdndxs 24 bt x 24b*n® (d+eXx) Log[c (d+ex)”] .
e
12b2n2 (d+ex) (a+blog[c (d+ex)"])?

4bn (d+ex) (a+blog|c (d+ex)”])3 (d+ex) (a+blog|c (d+ex)"])4

+
e e

Result (type 3, 390leaves):

1 (—b“dn“Log[d+ex]4+4b3dn3 Log(d+ex]® (a-bn+blogfc (d+ex)"]) -
e

6b2dn?Log[d+ex]? (a2—2abn+2b2n2+2b (a-bn) Log[c (d+ex)"] +b*Log|c (d+ex)"]2) +

4bdnLog[d+ex] (a3—3a2bn+6ab2n2—6b3n3+3b (a*-2abn+2b’n?) Log[c (d+ex)"] +
3b? (a-bn) Log|c (d+ex)"}2+b3 Log[c (d+ex)“]3) +

e x (a4—4a3bn+12a2b2n2—24ab3n3+24b4n4+4b (a*>-3a’bn+6ab’n*-6b’>n’)
Log[c (d+ex)"] +6b® (a2-2abn+2b’n?) Log|c (d+ex)”}2+
4b° (a-bn) Log|c (d+ex)“}3+b4Log[c <d+ex)“]4))
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Problem 62: Result more than twice size of optimal antiderivative.

J(a+bLog[c (d+ex>”})4

f+gx

dx

Optimal (type 4, 205 leaves, 6 steps):

(a+bLlog|c (d+ex)”])4Log[w}

s | 4bn(a~bloglc (drex)"]) polylog[2, - £ 3T ]
& g
2 g (drex)
12b2n? (a+blog[c (d+ex)"|)*PolyLog|3, - efj; ]
g
24b3n3(a-rbLog[c(d-rex)”])PolyLog[4,_Eé%fil} 24b4n4P01yLog[5’_g:ij?]
& g
Result (type 4, 503 leaves):
1 (a-bnlog[d+ex] +blog|c <d+ex)”})4Log[F+gX}+
g
4bn (a-bnlog[d+ex] +blog|c <d+ex)””3
f d
mgM+ex]ug[iLifll]+pdymgP,gi_iiﬁ_]+
ef-dg -ef+dg
.F
6b2¥(a—bnMgw+ex]+bmgk(d+eﬂ””2 mgm+eﬂ2Um[iL:Efl]+
ef-dg
d d
2 Log[d +ex] PolyLog|2, g—g—ijiil}._zpolyLog[3, g(drex)
-ef+dg -ef+dg
4b3n3<7a+anog[d+ex]—bL0g[c <d+ex)””
f d
'—0:‘3[(1“'3‘)(]3|-0g[e4<4:4g—x)*}+3I_og[d+ex]2Po]_y|_og[2,g—(—:e—)i -
ef-dg -ef+dg
d d
6 Log[d +ex] Polylog|3, §—<——JLE—X—)—}+6PolyLog[4, g—Q—i:ifl. +
-ef+dg -ef+dg
f d
b* n* (Log[d+ex]4Log[e(+gX>] +4Log[d+ex]?Polylog|2, gldrex) ~
ef-dg -ef+dg
g(d+eﬂ
12Log[d4—ex}2PolyLog[3, bl LAV, [
-ef+dg
d d
24 Log[d + eXx] PolyLog[4, g—(Agiji)ﬁ—],24p01y|_0g[5J ggggififl] ]
-ef+dg —ef+dg

Problem 63: Result more than twice size of optimal antiderivative.

JA(a+-bLog[c(d-+ex)”})

<F+gxy

4

dx

Optimal (type 4, 248 leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 3.3 u (a+b log(c (d+e x)”~n))p.nb | 9

(d+ex) (a+bLog[c (d+ex)"])* 4ben (a+bloglc (d+ex)"])? Log| x| 7

- ef-dg
(ef-dg) (f+gx) gef-dg)
2 d+e x
12b%en? (a+blog|c (d+ex)"|)"Polylog|2, —g;(i)‘]
g(ef-dg)
24b>en® (a+blog[c (d+ex)"]) PolyLog|3, —Eﬁ:t—jzl} ) 24 b* e n* Polylog |4, —EJ—Leztjz ]
g(ef-dg) gef-dg)

Result (type 4, 531 leaves):
1
glef-dg) (f+gx

4bn (a-bnlog[d+ex] +blogfc (d+ex)"])

~(ef-dg) (a-bnlog[d+ex] +blog[c (d+ex)"])*+

3

.F
F(d+ex)UM[d+ex}—e(f+gx>u@[Sl_igfl N
ef-dg
6b>n” (a-bnlog[d+ex] +blog|c (d+ex>”]>2
.F
Log[d +ex] g(d+ex)hg[d+ex],ze<f+gx)u%[sigiﬁfl] B
ef-dg
d
2e(F+gx)Rﬂyug[L §l_iiil +4b3ﬁ(a—anogW+ex}+bLogk<d+eX)w)
-ef+dg
e (f+gx)
Log[d+ex]2 (g (d+ex) Log(d+ex] -3e (f+gx) Log[i}J _
ef-dg
d d
6e (f+gx) Log[d+ex] Polylog|2, gi—iiil]+6e<f+gx)mﬂwjgp,glgiffl .
-ef+dg -ef+dg
.F
b4n4 (g (d+eX> Log[d+ex]4_4e ('F+gX) Log[d+ex}3Log[M} _
ef-dg
g (d+ex)
12e (f+gx) Log[d +ex]?Polylog[2, ———| +
-ef+dg

d
24e (f+gx) Log[d+ex] Polylog|3, ]24e(f+gx)mﬂwﬂgv)gi_:iﬁﬁJ]

—ef+dg -ef+dg

Problem 71: Result more than twice size of optimal antiderivative.

Jtog[—“ﬁi*z; J

f+gx

dx

Optimal (type 4, 24 leaves, 2 steps):

PolyLog|2, %ﬁzﬁél]

8

Result (type 4, 61 leaves):
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Log[gJ—Lied;eng ] Log[J—g—He :d; | +PolyLog|2, gJ—Lied;eng ]

8

Problem 94: Result more than twice size of optimal antiderivative.

J( <~F+gx)3 ix

a+blog|c (d+ex>””2

Optimal (type 4, 339 leaves, 26 steps):
1

; bL d n
e (ef-dg)’(drex] (c (dJ'eX)n)*l/nExl:’Inte{;.’r‘alEi[a+ og[c (d+ex)"]

b2 e% n? bn b2 e n2

2a 2 bL d 4
6e’ﬁg<ef—dg)2(d+ex)z(c (d+ex)")’2/”Eprntegr‘alEi[ (a+ och( rex) ”]+
n

= 3(a+bl d "
9e ong? (ef-dg) (d+ex)? (c(d+ex)") " ExpIntegralki| (a+blog[c (d+ex)"])
b2 e* n? bn

sa 4 bL d 3
4e ong’ (d+ex)4(c (d+ex)”)’4/“ ExpIntegralki | (a+bLoglc (d+ex)’])
b2 e n2 bn

(d+ex) (f+gx)?

ben (a+blog[c (d+ex)"])

] .

Result (type 4, 1674 leaves):
1

b2e*n? (a+blog|c (d+ex)"])

4a

eer (c(drex)") " |-bdedeir £n (c (drex)")¥" -betem Fnx (c (d+ex)")" -

3bde3e%f2gnx (c (d+ex)")4/"—3be4e%:1‘:2gnx2 (c(d+ex)m)*"-
3bde3cej~:*:1‘g2nx2 (c (d+ex)”)4/”—3be4e§fg2nx3 (c <d+ex)”>4/n—
bde3ce:‘7:g3nx3 (c (d+ex)")4/”—be4e%g3nx4 (c (d+ex)™)*"y
a+bloglc (d+ex)"]
bn }_
a+blogfc (d+ex)"]
bn
a+blogfc (d+ex)"]
bn
a+bloglc (d+ex)"]
|+
bn
2 (a+blogfc (d+ex)"])
bn }_
2 (a+bloglc (d+ex)"])
bn ]+

ae? enn £3 (d+ex) (c(d+ex)") *" ExpIntegralEi|

3ade? eZ*:-FZg (d+ex) (c(d+ex)")>"ExpIntegralEi|

]+
],

3ad2eez_:fg2 (d+ex) (c(d+ex)")> " ExpIntegralEi|

ad eer g* (d+ex) (c (d+ex)")3/n ExpIntegralki |

6ae? eﬁfzg (d+ex)? (c (d+ex)")2/” ExpIntegralEi|

12adee§%fg2 (d+ex)2 (c (d+ex)")2/" ExpIntegralki|
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2 (a+bloglc (d+ex)"])

6ad2e§_:g3 (d+ex)? (c (d+ex)")?" ExpIntegralEi |

} +

bn
: ! 3(a+bl d "
9aeen fg? (d+ex)’ (c (d+ex)")n ExpIntegralEi | (a+ Och( rex) ”}_
n
: : 3(a+bl d "
9adein g® (d+ex)’ (c (d+ex)")n ExpIntegralEi| (a+ Och( rex) ”]Jr
n

4 (a+blog[c (d+ex)"])

4ag’ (d+ex)4Eprntegr‘alEi[ .
n

|+
a+blog[c (d+ex)"]

bn
a+blogfc (d+ex)"]
bn

be® enn £3 (d+ex) (c(d+ex)")*"ExpIntegralEi|

| Log[c (d+ex)"] -

3bde? eﬁfzg (d+ex) (c (d+ex)")*" ExpIntegralEi|

]

Log[c (d+ex)"] +3bd2eem fg? (d+ex) (c(d+ex)")>"
a+blog[c (d+ex)"]

ExpIntegralEi|
bn

| Log[c (d+ex)"] -

a+bloglc (d+ex)"]
bn
2 (a+bloglc (d+ex)"])
bn

b d3 e%:gg' (d+ex) (c (d+ex)”)3/" ExpIntegralki | | Log[c (d+ex)"] +

6be? e%fzg (d+ex)? (c (d+ex)”>2/” ExpIntegralEi|

]

Log[c (d+ex)"] —12bdee§%fg2 (d+ex)? (c (d+ex)")?"

2 (a+bloglc (d+ex)"])
bn

ExpIntegralki| | Log[c (d+ex)"] +6bd? eir g’ (d+ex)?

2 (a+bloglc (d+ex)"])
bn

3 (a+bloglc (d+ex)"])
bn

3 (a+bloglc (d+ex)"])
bn

(c (d+ex)")*"ExpIntegralki| | Log[c (d+ex)"] +9beew fg?

(d+ex)® (c(d+ex)") . ExpIntegralEi|

| Log[c (d+ex)"] -9bd

a

ewn g3 (d+ex)3 (c (d+ex>")%Eprntegr‘a1Ei[

| Log[c (d+ex)"] +

4 (a+blog[c (d+ex)"])
bn

4bg’ (d+ex)® ExpIntegralki| | Log[c (d+ex)"]

Problem 95: Result more than twice size of optimal antiderivative.

J( (-F+gx)2 i

a+blog|c (d+ex)“})2

Optimal (type 4, 259 leaves, 20 steps):
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1

a bL d "
b2e3nzeiﬁ (ef-dg)? (d+ex) (c (d+ex)")’1/”Eprntegr‘alEi[aJr Og{;s rex) H+b2e13n2
2a 2 bL d n
4emg(ef-dg) (d+ex)? (c(d+ex)") " ExpIntegralEi| (ax och( rex) ])]+
n

3a 3 bL d n
3¢ € (dvex)’ (c (drex)) " ExpIntegralki 2 ochn( rexl )y
(d+ex) (f+gx)?
ben (a+blog[c (d+ex)"])

Result (type 4, 1015leaves):
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1
b2e*n? (a+blog|c (d+ex)"])

e o (c (d+ex)”)’3/" _bdeem f2n (c (d+ex)”)3/”—be3ei%f2nx (c (d+ex)”)3/”_
2bde2ez_:fgnx (c (d+ex)")3/"72be3ei_:anx2 (c(d+ex)")?"-
'f’dezezi:gznx2 (c (d+ex)”)3/”—be3e3%g2nx3 (c (d+ex)™)? "y

a+blog|c (d+ex)"}

ae? enn £2 (d+ex) (c (d+ex)”)2/" ExpIntegralki |

} _

bn
2adeci fg (diex) (c (d+ex)”)2/”EXpIntegr‘alEi[a+bLog[;sdJrEX)n} ] +
ad? e g (drex) (c(drex)")?" EXpIntegr‘alEi[aerLog{;£d+ex>n} ] +
4aeei fg(drex)? (c (d+ex)”)§Eprntegra1Ei[2 (a+bL°gLCn(d+eX>n” ] -
dadesn g (drex)? (c (d+ex)“)§Eprntegra1Ei[2 (a+bL°chn(d+eX>n” e

3 (a+bloglc (d+ex)"])
bn
a+blogfc (d+ex)"]
bn

3ag? (d+ex)’ ExpIntegralki| ] +be? eon £2 (d+ex)

(c (d+ex)")¥"ExpIntegralki| | Log[c (d+ex)"] _2bdeesn

a+blogfc (d+ex)"]
bn
a+blogfc (d+ex)"]
bn
2 (a+blogfc (d+ex)"])
bn

fg(d+ex) (c (d+ex)”>2/” ExpIntegralEi| | Log[c (d+ex)"] +

bdzqei_:g2 (d+ex) (c(d+ex)")*" ExpIntegralEi| | Log[c (d+ex)"] +

]

4be<eﬁfg (d+ex)2 (c (d+ex)")%Eprntegr‘alEi[

1
n

Log[c (d+ex)"] _4bde g (d+ex)® (c(d+ex)")
2 (a+bloglc (d+ex)"])
bn

ExpIntegralEi| | Log[c (d+ex)"] +
3 (a+bloglc (d+ex)"])

bn

3bg? (d+ex)3 ExpIntegralEi| | Log|c <d+ex)n]

Problem 105: Unable to integrate problem.

J(-F+gx)2\/a+bLog[c (d+ex)"] dx

Optimal (type 4, 404 leaves, 17 steps):
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_L\/Fe—:—n (ef-dg)?Vn Vn (d+ex) (c (d+ex)")’1/"Er‘fi{\/aerLog[c (d+ex)”] ]_L

23 Vb /n 2 o3

Wefﬁg(ef—dg)\m a (d+ex)2(c (d+ex)”)'2/"Er'-Fi[ﬁ\/a+bLog[c (d+ex)’] ] -
2 Vo

S b emgvn | (deex)? (c (d+ex)“)’3/”Erfi[\/?\/a+bLog[c e,

6e3 3 Vb Vn

(ef-dg)? (d+ex) \/a+bLog{c (d+ex)"]

3

+
e

gef-dg) (d+ex)? /a+blog[c (d+ex)"] +g2 (d+ex)?:/a+bLlogc (d+ex)"]
e3 3e3

Result (type 8, 28 leaves):

J(-F+gx)2\/a+bLog[c (d+ex)"] dx

Problem 106: Unable to integrate problem.
J(f+gx) \/a+bLog[c (d+ex)"] dx

Optimal (type 4, 255 leaves, 12 steps):

7i\/ge—:—n (e-F—dg) Vn A (d+ex> (c (d+ex)”)'1/nErfi[\/a+bLog[c (d+ex)"] ]7

2e? Vb /n

[\/7\/a+bLog[c (d+ex)"]
Vb /n

(ef-dg) (d+ex)~Jarblog[c (d+ex)"] g(d+ex)?/arbLlog[c (d+ex)"]

.
e? 2¢e2

|+

b engVn [T (deex)? (c(dvex)") PN Erfe
4e 2

Result (type 8, 26 leaves):

J(ﬁgx) \/a+bLog[c (d+ex)"] dx

Problem 107: Unable to integrate problem.
J\/a+bLog[c (d+ex)"] dx

Optimal (type 4, 111 leaves, 5 steps):
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_\/Fe’ﬁ\/?\/? (d+ex) (c (d+ex)”)’1/" Erfi| a+bL°ng[c\ﬁn+ex)] ]

+

2e
(d+ex) \/a+bLog[c (d+ex)"]

e

Result (type 8, 20 leaves):

J\/a+bLog[c (d+ex)"] dx

Problem 111: Unable to integrate problem.

J(-F+gx)2 (a+bLog{c (d+ex)n”3/2d]x

Optimal (type 4, 526 leaves, 20 steps):

) bl d :
L 3p2ein (ef dg)?n2 i (drex) (c (d+ex)”)’1/"Er‘fi[\/a+ ogle(drex)T] ;1
4¢3 Vb A/n 8e?
2 2 bL d "
3b3/2<efb7g(e'F—dg> n3/2 T (d+ex)2<c (d+EX)">72/nEr‘-Fi[\ﬁ\/a+ og[c( +ex) ] ]+
V2 Vb /n
32 3 bL d "

1 b3/2efﬁg2n3/2 T (d+ex)3(c (d+eX>n)73/nEr‘-Fi[\/—\/a+ og[c( +EX) ] ]7
123 \ 3 Vb n
3b(e-F—dg)2n(d+ex)\/a+bLog[c (d+ex)"]

2¢3 )
Bbg(ef—dg)n(d+ex>2\/a+bLog[c (d+ex)”]
4¢3 :

bg2n (d+ex)3\/a+bLog[c (d+ex)"] (e1‘:—dg)2 (d+ex) (a+blog|c (d+ex)"])3/2
+
6 e3 o3

glef-dg) (d+ex)? (a+bLog[c (d+ex)"])** g (d+ex)’ (a+blogc (d+ex)"])*?

+

+

3

e 3e3

Result (type 8, 28 leaves):

J(ergx)Z (a+bLog[c (d+ex)n”3/2dlx

Problem 112: Unable to integrate problem.

J(fJng) (a+blog[c (d+ex)"])¥?ax

Optimal (type 4, 330leaves, 14 steps):
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v (erag) v (dnex) (e (anex]?) D120 (e

4 e? N

[ﬁ\/aerLog[c (d+ex)“}
Vb +/n

3b(ef-dg)n(d+ex) \/a+bLog[c (d+ex)"] i 3bgn (d+ex)2\/a+bLog[c (d+ex)"]

]+

1

73b3/2e7%gn3/2 |z (d+ex)? (c (d+ex)") ¥ Erfi
2

16 e2

} -

+
2 e? 8 e?

(ef-dg) (d+ex) (a+blog|c (d+ex)”})3’/Z .8 (d+ex)? (a+bLog[c (d+ex)"])
e? 2e?

3/2

Result (type 8, 26 leaves):

J(f+gx) (a+blog[c (d+ex)"])*?dx

Problem 113: Unable to integrate problem.

J(a+bLog[c (d+ex)"])3/2d1x

Optimal (type 4, 143 leaves, 6 steps):

3b¥2e b n¥/2/rr (drex) (c (d+ex)") VT ERFi] a*“ﬁCﬁeXN ]
n

4e

3bn (d+ex) Ja+bLog[c (d+ex)"] . (d+ex) (a+blog|c (d+ex)”])3/2
2e e

Result (type 8, 20leaves):

J(a+bLog[c (d+ex)”])3/2d1x

Problem 117: Unable to integrate problem.

J(f+gx)2 (a+bLoglc (d+ex)n”5/2dlx

Optimal (type 4, 660 leaves, 23 steps):
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: bL d n
—L15b5/2e7H <e-[-‘_dg)2n5/2\/;<d+ex) (C <d+ex>n>71/nEr‘<Fi{\/a+ Og[c( +ex) ]

ge’ SOy

1315b5/2<e_§7:g<ef—dg) n*2 |~ (d+ex)?
32e
ﬁ\/a+bLog[c (d+ex)"] 1

] -

NN

(c (d+ex)”)’2/n Erfi|

Vb n 72 €3
3a 3 bL d "
5b52 ¢t gin®? |1 (deex)? (c (d+ex)”)’3/"Er‘fi[r\/a+ oglc (drex)T] )
3 Jb
15b% (ef-dg)®n? (d+ex) \/a+bLog[c (d+ex)"]
4¢3 :
15b2g (e f-dg) n? (d+ex)2\/a+bLog[c (d+ex)"]
N
16 &3
5b2 g2 n2 (d+ex)3\/a+bLog[c (d+ex)"]
363
5b(ef-dg)®n(d+ex) (a+blog[c (d+ex)"])*?
2e3
Sbg(ef-dg)n(d+ex)® (a+blog[c (d+ex)"])*?
4¢3
5bg?n (d+ex)’ (a+bLog|c (d+ex)"”3/2 (ef-dg)? (d+ex) (a+blog|c (d+ex)”])5/2
+ +
18 e3 e3
g(ef-dg) (d+ex)? (a+blog|c (d+ex)”])5/2 g? (d+ex)? (a+blogc (d+ex)”])5/2
+
e3 3e3

Result (type 8, 28 leaves):

J(-F+gx)2 (a+bLog[c (d+ex)"])>?ax

Problem 118: Unable to integrate problem.

J(“gx) (a+blog[c (d+ex)"])*?ax

Optimal (type 4, 413 leaves, 16 steps):
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\/a+bLog[c (d+ex)"]

—LIS b5/2 ¢ bn (ef-dg)n*2/r (d+ex) (c (d+ex)") "Erfi]

] .

8 e? Vb n

2a 2 bL d n
B 15b°/2 e o0 gn>/? lﬁ <d+ex)2(c <d+ex)n>'2/”Er‘-Fi[\/—\/aJr og[c( +ex) ] ]+
64 e? 2 Vo Vn

15b% (ef-dg) n? (d+ex) \/a+bLog[c (d+ex)"]

42

+

15 b2 gn? (d+ex)2\/a+bLog[c (d+ex)"]

32¢2
5b(ef-dg)n(d+ex) (a+blog[c (d+ex)"])** 5bgn(d+ex)? (a+blog[c (d+ex)"])>?
B +
2¢e? 8e?
(ef dg) (d+ex) (a+blog[c (drex)"])¥? g(drex)? (a+blog|c (d+ex)"])*?
+
e? 2 e?

Result (type 8, 26 leaves):

J(fJng) (a+bLogc (d+ex)"])5/2dlx

Problem 119: Unable to integrate problem.

J(a+bLog[c (d+ex)”])5/2dlx

Optimal (type 4, 179leaves, 7 steps):

a bL d "
—i15b5/2e’ﬁn5/2\/7(d+ex) (c (d+ex)”)’1/”Er‘1ci[\/a+ og[c( +ex) }
ge Vb A/n
15b%n? (d+ex) \/a+bLog[c (d+ex)"]
4e
5bn (d+ex) (a+blogc (d+ex)”])3/2 (d+ex) (a+blog|c (d+ex)”])5/2

+
2e e

|+

Result (type 8, 20leaves):

J(a+bLog[c (d+ex)”])5/2dlx

Problem 123: Result more than twice size of optimal antiderivative.
(-F+gx)3

\/a+bLog[c (d+ex)"]

dx

Optimal (type 4, 383 leaves, 18 steps):
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;e’bin (ef—dg)3\/? (d+ex) (c (d+ex)”)’1/"Er‘fi[\/aerLog[c (drex)"]
Vb et Vo

e ong?/rr (drex)® (c(drex)") 4/"Er‘-Fl[z 2 Lori[%ex)} ] 1

2B et Vb ety

2a I 5 o 2 ) V2 +Ja+bloglc (d+ex)"
3ebng<efdg)2\/j(d+ex) (c(d+ex)") Erfi| \/ ngm( )l ] +

- ef%:gz (ef—dg) V3 (d+eX)3 (C <d+eX)n>73/nEr"Fi[\/?\/a+bLog[c (d+eX)n}
Vb et Vo

Result (type 4, 1485 leaves):

]+

]

a+b (-nLog[drex]+Log[c (drex)"

_ )
e bn 3/ Erfi

/

(\/Fe\/F\/a+anog[d+ex] +b (-nLog[d+ex] +Log[c (d+ex)"]) )+

[\/a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"])
b

]

\/a+bLog[c (d+ex)"]

a+b (-nLog[d+ex]+Log[c (d+ex)"])

-2de bn

bn 'Fzg'\/;

z[awb( nlog|drex]+Log|c rd»ex]"H]
3e

Erfi|

(v(a+bnlogld+ex] +b (-nlLog[d+ex] +Log|c (d+ex>“])>)] +

Vb v/n.
V2 Erfi] !

\/F\/?\/?\/(a+anog[d+ex] +b (-nlogld+ex] +Log|c (d+ex)“”)})

\/a+bLog[c (d+ex)"] ]/

(Zx/FeZ\/?\/a+anog[d+ex} +b (-nlog[d+ex] +Log[c (d+ex)"]) )+
1

e’ (a+bnlogld+ex] +b (-nlLog[d+ex] +Log|c <d+ex)"}>)
3 {a‘h[ nLog[d+ex]+Log|c (d<ex)"])‘}
e bn 'FgZ\/F

asb (~n Log [dre x| +Log[c (drex]"]) 2‘a+b[7nL0g[d+ex]+Log[c(d+ex)"]]“ 2[a+b(7nLog[d+ex]+Log[c(d+ex]"]\)

(\/_—3\/7de bn +3d%e bn “_3d%e bn :

Er‘-F[J(—bi(a+anog[d+ex1 +b (-nlLog[d+ex] +Log|c (d+ex)””))] +3
n

a+b (-nLog[d+ex]+Log[c (d+ex)"]|

\/?de bn

Erf[x/?\/(—%(a+anog[d+ex} +b (-nlog[d+ex] +Log|c <d+ex>”]>))} _
n
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\/—Er\f \/—\/ a+anog[d+ex]+b(—nLog[d+ex}+Log[c(d+ex)“]))]]]

\/a+bLog[c [deex)] \/a+anog[d+ex] +b (—nLobg[d+ex} +Log[c (d+ex)"])
n

1

2e* (a+bnlog(d+ex] +b (-nlLog[d+ex] +Log[c (d+ex)"]))

4 (asb (-nog[drex] Log[c (darex)"] ] atb [-nLog[d-ex] -Log[c (dex)"])

e bn g3\/7(1+2\/?de bn -

2 (a+b (-nLog[drex]+Logc (dvex)"]]) 3 (asb (-nLog[drex]+Log[c (dvex)"]]) 3 [asd ( nLog[dwex]dog[c(dwex)"]”

34/2 d?e o 12d3e on _2d¥e b

Erf[\/ -

Er‘f[z\/[—bi(a+anog[d+ex} +b (-nlog[d+ex] +Log|c (d+ex)"])))} +
n

i<a+anog[d+ex] +b <7nLog[d+eX] +Log[c (d+ex)"”))] +

Z[a b( nLog[d+ex J Log|c (d+ex]"J))

34/2 d?e
Er‘F \ﬁ\/ a+anog[d+ex]+b(—nLog[d+ex]+Log[c (d+ex>"])))}72
\/_d ab nLogdex Log dex)"]]
e bn
ErF \/7\/ a+anog[d+ex}+b(fnLog[d+eX]+|—°8[C (d+ex>"])))}}

\/a+bLog[c (d+ex)"] \/a+anog[d+ex] +b (nLc;g[dJrex} +Log[c (d+ex)“”
n

Problem 124: Result more than twice size of optimal antiderivative.
<f+gx)2

\/a+bLog{c (d+ex)"]

dx

Optimal (type 4, 283 leaves, 14 steps):

ée’bin (effdg)zﬁ(dJrex) (c (d+ex)")'l/nEr‘-F1 \/a+bLog[ (d+ex)’] |+
Vb e Vb Vi

- e’i_:g(ef—dg)m(dwxy(c <d+eX>n>72/nEr‘f1 \/—\/a+bLog <d+ex)n]
VB e VE

‘9727:82 3 (d+ex)? (c (d+ex)")’3/”ErFi{ﬁ\/W}

|+

Vb e3+/n
Result (type 4, 573 leaves):
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.
3e3
3a 3e? eor £2 (c (d+ex)")2/” Erfi| a+b Log[c (drex)"] ] .
efﬁ\/?(d+ex> (c (d+ex>“)—3/n N Vb Vn _\/—\/_
b vn b vn

Ja+bLog[ (d+ex)"]
o

1
n

3ecinfg(c(drex)")r |2dein (c (d+ex)")rErfi]

\E(d+ex) Erfi| \/—\/a+bLog (d+ex)”} }J+

Vb

g? (d+ex)2 \/?73\/?de:7 (c (d+ex)“)§+3dzefﬁ (c <d+ex>n>2/n )

d+ex <d+ex)2

denn( (d+ex)") 2/"Er'-F\/ MML]
bn

4
(d+ex

342 deon (c (d+ex)”)iErf[\/7\/—MWL}

d+ex

a+bloglc (d+ex)"]
bn

\/?EP-F[\/?\/— ]

\/a+bLog[C (d+ex)"] /(\/;HbLog[c (d+ex)"] )

bn

Problem 128: Result more than twice size of optimal antiderivative.

J <f+gx) dx
(a+bLogc (d+ex>"”3/2

Optimal (type 4, 422 leaves, 33 steps):
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\/a+bLog[c (d+ex)"]

4 14 3/22@& (ef—dg)3\/?(d+ex) (c (d+ex)")’1/”Er'Fi{ = ]+
b/ “e%n b /n

L i 2. [avbLog[c drex]
ae gV (drex)?® (c(drex)") ¥ Erfi] 20 L}fj%ew ] .

b3/2 e4 n3/2 " b3/2 e4 n3/2

22 2 bL d "

6c g (ef-dg)’V2r (drex) (c (d+ex)”)’2/”Er‘Fi[\/7\/a+ glc (d+ex)
Vb Vi

m&e’%gz (ef-dg)V3r (d+ex)? (c(drex)") "

\/?Ja+bLog[c(d+ex)”] i 2 (d+ex) (f+rgx)’
Vb /n ben\/a+bLog[c (d+ex)"]

Erfi|

Result (type 4, 2217 leaves):
1

b3/2 e4n3/2\/a+bLog[c (d+ex)"]

2eor (c (d+ex)m) ™" b deten /0 (c (d+ex)")4/”7\/Fe4e%:F3\/?x (c (d+ex))*"-

37b deten fgvn x (c (drex)’)*"-3vb eten P gn ¢ (c (drex)")* -

3\ﬁ7de3eﬁfg2v37ﬁ(c(d+ex)ﬂ4m73\ﬂ?e4eﬁfg2v3’ﬁ(c<d+exy>Mn,

Vb de*en g2 /n 3 (c (drex)")*" - \/b etenm g Vn x* (c (d+ex)") "+ e e £/

[Ja+bmgh(d+ex
Vo

Ja+blog[c (d+ex)"]

| Vb +/n

\/a+bLog[c (d+ex)n] —6d2ee5%fg2ﬁ(d+ex> (C (d+ex>n)3/n

)’] ]\/a+bLog[c (d+ex)"] -

(d+ex) (c (d+ex)”)3/"Er'-Fi

}

3de2ez%f2gﬁ (d+ex) (c (d+ex)“)3/“Er‘fi

[\/a+bLog[c (d+ex
Vb /n
[VE’Ja+bLogh(d+exy
b

n
Erfi )’] }\/a+bLog[c (d+ex)"] i3e2em f2g /27 (d+ex)?

(c (d+ex>")2/"Er‘fi } }\/a+bLog[c (d+ex)"] +

ﬁ\/a+bLog[c (d+ex)"]
Vb v/n

]

3dee2%fg2\/2ﬂ (d+ex)2 (c <d+ex)“)2/nEr‘-Fi[

a+blogfc (d+ex)"]
bn

+

\/a+bLog[c (d+ex)"] +2\/Fg3\/F\/?(d+ex)4\/
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a+bloglc (d+ex)"]
bn

BWee:ngzx/Fm (d+ex>3 (c (d+ex>”)i\/

-

a+blogfc (d+ex)"]
bn

3\/Fdebing3\/?m (d+ex)3 (c (d+ex)”)n\/

a+bloglc (d+ex)"]
bn

+

9+b deen fg2/n V2 (d+ex)? (c (d+eX>”)2/"J

a+blogfc (d+ex)"]
bn

+

346 d2 e g V27 (deex)? (c (d+ex>")2/”\/

a+blogfc (d+ex)"]
bn

QWdzeeEfgzﬁﬁ (d+ex) (c (d+ex)”)3/n\/

a+bloglc (d+ex)"]
bn

Wd3e3g3ﬁﬁ(d+ex) (c (d+ex)”)3/”\/

a+blogfc (d+ex)"]
bn

QWdzeeEfgzﬁﬁ (d+ex) (c (d+ex>”)3/"Er‘-F[\/ }

bn

Er‘1c[\/a+bLog[c (d+ex)“} }\/a+bLog[c (d+ex>“}

bn bn

\/_a+bLog[c (d+eX>n] +\/Fd3ez%g3\/?ﬁ(d+ex) (C (d+ex)n)3/n

+

_a+bLog[c (d+ex)"] ]\/_a+bLog[c (d+ex)"]
bn bn

2+/b g2/n <d+ex)4Er‘F[2\/

a+blogfc (d+ex)"]
bn

gﬁdeeﬁfgz\/?m(d+ex>2<c (d+ex>”)2/nEr'-F[\/?\/ ]

\/_a*bLog[c 2+ 0x)" 336 dengVn Var (drex)? (c(d-ex)")?"

bn

bn bn

Er‘ﬂ\/?\/a+bLog[c (d+ex)"] }\/a+bLog[c (d+ex)"]

a+bloglc (d+ex)"]
bn

BWee:ngZWm (d+ex)? (c (d+ex)")iEr‘f[ﬁ\/ ]
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1
n

bn

EIAf[\/?\/_a+bLog[c (d+ex)"] }\/_a+bLog{c (d+ex)"]

bn bn

\/a+bLog[c (d+ex)"] +3vb demngVn V31 (d+ex)? (c (d+ex)")

Problem 129: Result more than twice size of optimal antiderivative.

f 2

J (f+gx) i
(a+bLoglc (d+ex>”})3/2

Optimal (type 4, 325leaves, 25 steps):

1
p3/2 @3 p3/2

[Ja+bLog[c (d+ex)"] . 1
\/F\/F b3/2e3n3/2

2 bn (ef-dg)®Vr (d+ex) (c(d+ex)") V" Erfi

4e’§%g (ef-dg)V2r (drex)?(c (d+ex)”)’2/“Er‘fi[ﬁ\/aerLog[c (drex)"] |+
Vb v/n

2e’i*:g2\/37r (d+ex)? (c <d+ex)”>’3/” Er‘fi[ﬁvhbjgg?mex)"} ]
n

3/2 a3 K3/2
b>/“e3n

2 (d+ex) (F+gx)2

ben\/a+bLog[c (d+ex)"]

Result (type 4, 1319 leaves):
1

b3/2 &3 n3/2\/a+bLog[c (d+ex)"]

2@’37: (c (d+ex)”)’3/” —\/Fdeze%:P\/F (c (d+ex)")3/"—\/Fe3e?T:F2\/?x (c (d+ex)”)3/"—

2b deern fgvn x (c (drex)")* "= 2+/b e*ern fg/n o (c (deex)") " -

Vb de?es g2/n X2 (c (d+ex>”)3/"—We3eEg2Wx3 (c (d+ex)”)3/“+e2e§%fzﬁ

Ja+bloglc(d+ex)"

| Vb Vi

[\/a+bLog[c (d+ex)"]
Vb

Ja+blogc (d+ex)"] -~2d?emg2\/7 (drex) (c (d+ex))?

(d+ex) (c(d+ex)")*"Erfi } ]\/a+bLog[c (d+ex)"] -

]

2dee§%fg\/? (d+ex) (c (d+ex)")2/”Er~-Fi
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Ja+bloglc (d+ex

| Vo Vi

ﬁ\/a+bLog[c (d+ex)"
Vb

n
Erfi )’] }\/a+bLog[c (d+ex)"] i2eem fg2n (d+ex)?

(c (d+ex>")%Er‘fi{

] ]\/a+bLog[c (d+ex)"] +

V2 \Ja+blog[c (d+ex)"]

de:—ngzm (d+ex)? (c (d+ex)")§Er‘-Fi[
Vb

]

a+bloglc (d+ex)"]
bn

Ja+bLog[c (d+ex)"] +\/Fg2\/FM(d+ex)3\/

3\/Fde:7gzﬁm(d+ex)z(c (d+ex)”)i\/a+b|—og[; (d+ex)”] +

a+blog[c (d+ex)"]
bn

33 den g2/n Vo (drex) (c (d+ex)”)2/”\/

a+blogfc (d+ex)"]
bn

3\/Fd2e§%g2\mﬁ(d+ex) (c (d+ex)”)2/”Er‘f[\/ ]

1

\/_a+bLog[c (d+ex)"] +3\/Fdeﬁgzﬁm (d+ex>2 (c(d+ex))n

bn

Er‘f[ﬁ\/aerLog[c (d+ex)"] }\/aerLog[c (d+ex)"] i

bn bn

\/ng\m\/ﬁ(d+ex)35pf[ﬁ\/a+bL0g[c (d+ex)"] }\/a+bLog[c (d+ex)"]

bn bn

Problem 133: Result more than twice size of optimal antiderivative.

J (-F+gx)3 ix
(a+bLoglc (d+ex)"})5/2

Optimal (type 4, 520 leaves, 59 steps):
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\/a+bLog[c (d+ex)"] .

;4@:7 (ef-dg)®Vr (d+rex) (c(d+ex)") ¥ Erfi]
3b5/2e4n5/2 \/F\/F
32e’:_:g3v7 (d+ex)® (c (d+ex)”)’4/”Er‘fi[2 a+bLor§bf+exm ] 1
n
b5/2e4n5/2

3 b5/2 e4 n5/2

Se’%g<ef—dg)2m (d+ex)? (c (d+ex)”)’2/”Erfi[\/?\/a+bl_og[c ([drex)’] ]+
Jb

1 _3a _
mne ong? (ef-dg) V3n (d+ex)3 (c(d+ex)") 3/n

[\E\/aerLog[c (d+ex)"] I -
Vb Vn 3ben(a+bL0g[C (d‘fe’()n])

16 (d+ex) (f+gx)?

2 (d+ex) (-F+gx)3

Erfi
3/2

4 (ef-dg) (d+ex) (Frgx)? )

bzeznz\/a+bLog[c (d+ex)"] 3b2en2\/a+bLog[c (d+ex)"]

Result (type 4, 2997 leaves):

asb (- Log[d-ex] -Logc (d-ex]"] [\/a +bnlog(d+ex] +b (-nlLog[d+ex] +Log[c (d+ex)"]) ]

4e bn ) 3/ Erfi
Vb

\/a+bLog[c (d+ex)"] /

(3b5/2en5/2\/a+an0g[d+exJ +b (-nlog[d+ex] +Log[c (d+ex)"])

+

a+b (-nlLog[d+ex]+Log[c (d»ex]"”
on f2 g/ Erfi|

{12d e

/

\/a+anog[d+ex}+b(—nLog[d+ex]+Log[c (d+ex)"]) ]\/a oLog[c [drex]"]
+ +

Vb /n

(b5/2e2n5/2\/a+bnLog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"]) )+

_asb [-nLog[d+ex]-Log[c (drex)"])
g8d%e on fg?/m Erfi|

/

\/a+anog[d+ex}+b(—nLog[d+ex]+Log[c (d+ex)"]) ]\/a o Log[c [drex)"]

Vb v/n

(b5/2e3n5/2\/a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"]) )+

o

a+b (-nLog[d+ex]+Log[c (drex)"])

2 (a+b (—n Log[d+e x| +Log|c (d+ex]"”}
bn f2g\/n |-2de bn

-
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Erfi| (v(a+bnlogld+ex] +b (-nlLog[d+ex] +Log|c (d+ex)”])>)] +

Vb

1

V2 Erfi| V2 \/(a+bnlog[d+ex] +b (-nLog[d+ex] +Log[c (d+ex)"]))]

b Vn
\/a+bLog[c (d+ex)"] ]/

(b5/2e2n5/2\/a+anog[d+ex] +b (-nLog[d+ex] +Log[c (d+ex)"]) )+

2 (a+b (-nLog[d+ex]+Log[c (dvex)"] )|
20de bn fg2n

a+b (-nLog[d+ex] +Log[c (d+ex)"]]

-2de bn

Erfi|

\/F\/?<\/(a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"]))) ]+

V2 Erfi| !

Wﬁﬁx/(mbnmg[mex] +b (-nLog[d+ex] +Log[c (d+ex)"])]]

\/a+bLog[c (d+ex)"] J/

(b5/2e3n5/2\/a+anog[d+ex] +b (-nLog[d+ex] +Log[c (d+ex)"]) )+

2 (asb (-nLog[d+ex]+Log[c (drex)"] )|

4d%e” bn g\

a+b (-nLog[drex]+Log[c (drex)"])

-2de bn

Erfi|

\/FW(\/(a+anog[d+ex] +b (-nlog[d+ex] +Loglc (d+ex)"])))] +

V2 Erfi] !

2 \/la+bnlog[d+ex] +b (-nLog[d+ex] +Log[c (d+ex)"
N V ( [c )"]))]

[o-viosle oo |/

(bS/ze“nS/zx/a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"]) )+

1

b>e*n? (a+bnlog(d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"]))
3 [a+b (-nLog[d+ex] +Log[c (arex)"] )]
12 e bn 'ngx/?

ab (-nLog[drex]Log[c (drex)"]) 2 [a+b -nLog[dex]+Log[c (drex)"] || 2 (a+b (-nLog[d+ex] +Logc (drex)"] |

(\/?3\/?de bn +3d%e bn -3d¥e” bn

bn

a+b (-n Log[d+ex]+Log[c (d+ex)"])

V2 de bn

Erf[ﬁ\/(;<a+anog[d+ex} +b (-nlog[d+ex] +Log|c (d+ex>”])))} _
n

Er‘f[\/(—i<a+anog[d+ex} +b (-nlog[d+ex] +Log|c (d+ex)”})))] +3

\/?EP-F[\/?J[—;}](a+anog[d+ex] +b (-nLlog[d+ex] +Log|[c (d+ex)”}))]]]
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Ja+bLog[c [deex)] \/_a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"])

+
bn
(1/(3b%e*n* (a+bnlog(d+ex] +b (-nlLog[d+ex] +Log[c (d+ex)"]})))
3 [a+b (-n Log[d+e x| +Log[c (d+ex)"] ) |
28de” br g
b [-nLog[dve x| tog[c (dre)"]) 2 (a1t [-nLog[ave ] -Logc (¢-ex)"] )| 2 (avb [-nLog[ave x] stog< (avex)"]))
(ﬁ_sﬁde T S3de e 3de e
Erf[\/(;<a+anog[d+ex} +b (-nlog[d+ex] +Log|c (d+ex)”})))] +3
n
r d eam (-nLog[d+e xb];Log[c (d-ex)"])
Er‘-F \/_J a+anog[d+ex}+b(—nLog[d+ex]+Log[c (d+ex)”])))}_
V3 Erf] \/—\/ a+anog[d+ex]+b(—nLog[d+ex}+Log[c(d+ex)“”)]]]
\/a+bLog[c [ ex]] \/a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"]) )
bn
(1/(3b%e*n* (a+bnlog(d+ex] +b (-nlLog[d+ex] +Log[c (d+ex)"|})))
4 a+b [-nLog[dre x] +Log[c (drex]"] )] a+b [-nLog[d-ex]-Log|c (d+ex)"]]
32¢e bn g2/ [-1+2+/3 de on -
2 (a+b (-n Log[d+e x| +Log[c (d+ex)"] )] 3 (a+b (-nLog[d-ex] +Log[c (d+ex)"] ] 3 [a+b (-n Log[d+ex]+Log[c (drex)"] ||
34/2 d?e bn +2d%e bn -2d%e bn
Er*-F[\/ 7%(a+anog[d+ex} +b (-nlog[d+ex] +Log|c (d+ex)”})))] +
n
Er‘f[z\/ [—bi(a+anog[d+ex} +b (-nlog[d+ex] +Log|c (d+ex)“])))} +
n
z[a +b (-nLog[d+e x J Log|c (dwex]"J)“\
3+/2 d?e
Erf| \ﬁ\/ ——(a+bnlog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)”])))}72
\/_d(eab nLogdexanog dex)U
Erf| \/7\/ —(a+bnlog[d+ex] +b (-nLog[d+ex] +Log|[c (d+ex>"])))}}
a+bnlogld+ex] +b (-nlLog[d+ex] +Log|c (d+ex)"”
\/a+bLog[c (d+ex)"] |- b +
n

\/a+anog[d+ex] +b (-nlog[d+ex] +Log[c (d+ex)"])
(- ((2(d+ex) (F+ex)?] /
(3ben (a+bnlog[d+ex] +b (-nLog[d+ex] +Log|c (d+ex)””)2)) -

(4 (d+ex) (f+gx)? (ef+3dg+4egx))/
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‘(3b2e2n2 (a+bnLog[d+ex] +b (—nLo;gv[d+ex] +Log|c <d+ex)””)>)

Problem 134: Result more than twice size of optimal antiderivative.

J (f+gx)? i
(a+bLoglc (d+ex>”})5/2

Optimal (type 4, 421 leaves, 41 steps):
1

3 b5/2 e3 n5/2

] bL d "

4 bn (ef—dg)zx/?(dJrex) (c <d+ex)">‘1/”Er‘fi[\/a+ oglc (drex)’] ] + 1
NCry 3 p5/2 @3 n5/2

2 2 bL d "

16ewng(ef-dg)V2r (d+ex)? (c (d+ex)“)’2/”Er‘fi[\/—\/a+ ogc (d- ex)"] ]+
Vb
4e7%gzm<d+ex)3(c <d+ex)”>‘3/”Erfi[ﬁ\/W]
b5/2 @3 n5/2 B
2 (d+ex) (f+rgx)?
N
3ben (a+blog|c (d+ex)”])3/2
8 (ef-dg) (d+ex) (f+gXx) 4 (d+ex) (-F+gx>2

3b2e2n2\/a+bLog[c (d+ex)"] bzenz\/a+bLog[c (d+ex)"]

Result (type 4, 951 leaves):

a bL d n
1 2 (dvex) [2e2 e 2 [ (c (d+ex)")’1/"Er‘-Fi{\/a+ oglc (d+ex)"]
3 b5/2 @3 n5/2 —

|+

[\/a+bLog[c (d+ex)"]
Vb Vi

[\/a+bLog[c (d+ex)"]
Jb

12dee’bin'Fg\H (c (d+ex)")’1/”Er‘-Fi

} +

ad?e i gimr (c (d+ex)") VT ERfi

\/a+bLog[c (d+ex)"]
Vo

10de’z*:g2\/7 (c (d+ex)”)’2/" 2dein (c (d+ex)”)%Er‘fi[

] _

V2 (d+ex) Erfi

[\/7\/a+bLog[c (d+ex)"] 1|
Vb
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\/a+bLog[ (d+ex)"]
Vo

|+

8ee7§7:'Fg\/? (c (d+ex)”)’2/" [—Zdeban (c (d+ex)”)§Er‘f

V2 (d+ex) Erfi|

\/—\/a+bLog (d+ex)”}} .
Vb

6/b e o g2 Vn Vi (drex)? (c (drex)") " gz 3zdenfcdrex))r

d+ex

3d2eii(c (d ex)n>2/n 3d ebn ( (d+ex Z/HEI’"F\/ a+bLogc d+ex)" ]
n +

+

(d+ex)2 (d+ex

3\/?d<ebin (c (d+ex)")iEPf[ﬁJ——[—a+bL°g ;r(lm”)n }

d+ex

\/?Emc[\/?\/a+bLog{c (d+ex)"] | \/a+bLog[c (d+ex)"] /

bn bn

(\/a+bLog[c (d+ex)"] )— (\/Fe\/F (f+gx) (ben (f+gx) +2a (ef+2dg+3egx) +

b(2dg+e (f+3gx)) Log|c (d+ex)”]))/(a+bLog[c (d+ex)"])>?

Problem 145: Result unnecessarily involves higher level functions.
J(f+gx)3/2 (a+blog[c (d+ex)"])*dx

Optimal (type 4, 590 leaves, 28 steps):
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36802 (ef-dg)’n2+/f+gx 128b% (ef-dg)n? (f+gx)”?
+
75e%g 225eg

+

368 b2 (e f-dg) /22 Ar‘cTanh[@}
Jef-dg

16 b2 n2 (-F+gx)5/2
125¢g 75e%%g

8b2 (e f - dg)®2n? ArcTanh| L lFex )2
(ef-de) nancTanh [ | 8b (ef_dg)2nvFrEx (a+bLog[c (drex)]]

5e5/2g 5e2g
8b(ef-dg)n (f+gx)?? (a+blog[c(d+ex)"]) 8bn(f+gx)”? (a+blog[c (d+ex)"])
- +
15eg 25g

8b (ef—dg)S/znAr‘cTanh[m} (a+blog[c (d+ex)"])
ef-dg

5 e5/2 g

2 (F+gx)>? (a+bloglc (d+ex)"])?

+

58
16 b2 (e-F—dg)S/anAr'cTanh[ﬁ“ﬁgx | Log| ——
/ ef-d g 1 \e: \" frgx
\/‘effdg N
5e5/2g
8b? (e f-dg)**n?Polylog[2, 1- —2—]

1 Je Vfuex

Jefdg

5e5/2g

Result (type 5, 1143 leaves):

! 2 ! 15b%n2+/f+gx
225g
62 e (f+gx)
ef-dg
3 g (d+ex)
10g (-ef+dg) (d+ex) HypergeometricPFQ[{- =, 1, 1, 1}, {2, 2, 2}, ———| -
2 -ef+dg
1 g (d+ex)
15 d? g% HypergeometricPFQ[ {- —, 1, 1, 1}, {2, 2, 2}, ———| -15deg’x
2 -ef+dg
d
HypergeometricPFQ[{—}y 1,1, 1}, {2, 2, 2}, g—g—ijiil}-+4e2f2Log[d4-ex]—
2 -ef+dg
e (f+gx)

8defglog[d+ex] +4d?>g?log[d+ex] -4e?f? Log[d+ex] -

ef-dg
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'F+ X 'F+ X
8e?fgx c\rrex) Log[d+ex] -4e?g?x? c\rrex) Log[d+ex] +
ef dg ef dg

d+ex

15d? g? Hyper‘geometr‘lcPFQ -=,1, 1}, {2, 2}, “————] Log[d +ex] +
2’ f+dg
1 g<d+ex)
15d e g* x HypergeometricPFQ[ {- =, 1, 1}, {2, 2}, ———"] Log[d+ex] +
2 —e-F+dg
2e?f?log[d+ex]>+defglog[d+ex]?-3d®>g?Log[d+ex]?

) o2 f+gx f+gx
2e°f Log[d+ex]?+e’fgx Log[d+ex]?
ef-dg ef-dg
'F+ X
3e? g2 x? e\rrex) Log[d+ex]?-10g (-ef+dg) (d+eXx)
ef dg

d
Hyper‘geometr‘icPFQ[{—i, 1, 1}, {2, 2}, M] (1+Logld+ex]) |+ 1
2 ~—ef+dg
e (Frgx)
ef-dg
d
75b2fn?+/f+gx [3g (d+ex) Hyper‘geometr‘icPFQ[{—l, 1,1, 1}, (2, 2,2}, M .
2 ~—ef+dg
1 g (d+ex)
Log(d+ex] |-3g (d+ex) HypergeometricPFQ[{-—, 1, 1}, {2, 2}, ——— | +
2 -ef+dg
f f
dg+egx MJre-F -1+ M Log(d+ex] || -
ef-dg ef-dg
i50b-Fn 6(ef—dg)3/2Ar'cTanh[\/— +gx] Ve VFf+gx
e3/2 m
(6dg-2e (4f+gx)+3e (f+gx) Log[d+ex])
(-a+bnLog[d+ex] -bLlogl[c (d+ex)"]) + =
e5/2
2bn(30\/ef—dg (2e2f2+defg—3d2g2)ArcTanh[M}+
Vef-dg

e V/f+gx (90d*g?-30deg (2f+gx) +
2e? (-31f2+8fgx+9g>x*) +15e* (2f>-fgx-3g®>x*) Log[d+ex])

(-a+bnlog[d+ex] -blog[c (d+ex)"]) +45 (f+gx)°?
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(a-bnlog[d+ex] +blog|c (d+ex)"])2

Problem 146: Result unnecessarily involves higher level functions.

JW (a+bLogc (d+ex>"])2d1x

Optimal (type 4, 510leaves, 21 steps):
64b? (ef-dg)n?+/f+gx 16b’n? (-F+gx)3’/2
+

9eg 27¢g
ba” (e-F—dg)3/2 nZAr‘cTanh[@] 8 b (ef‘d€>3/2 nzAr‘cTanh[rL@}2
ef-dg m
9e32g - 3e32g -
8b(ef-dg)nVfrgx (a+blogc(drex)"]) 8bn (frgx)’? (a+blog[c (d+ex)"])
- +
3eg og

8b (ef—dg)”znAr‘cTanh[@} (a+bLoglc (d+ex)"])
ef-dg

3 e3/2 g

2 (f+gx)*? (a+bloglc <d+ex)n])2

+

38

16b% (ef-dg)’? nZAr‘cTanh[\E Fgx | Log[ —2—]
Jef-dg 1o Ye fex

\ef-dg
N
3e3/2g
8b% (ef-dg)>?n2pPolylog[2, 1- #]
1- e +g X
\ef-dg
3e3/2g

Result (type 5, 351 leaves):
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1 1
— 2
9g
e (f+gx)
ef-dg

d
3b>n’~/f+gx [3g(d+ex) Hyper‘geometr‘icPFQ[{—i, 1,1, 1}, {2, 2, 2}, M} +
2 -ef+dg
1 g (d+ex)
Log[d+ex] |-3¢g <d+ex) Hyper‘geometr‘icPFQ[{—f, 1, 1}, (2,2, —1]+
2 -ef+dg
f f
dg+egx w+ef -1+ w Log[d+ex] || -
ef-dg ef-dg
L obn (6 (ef—dg)B/ZAr‘cTanh[M} +ve VJfrgx
e3/? Vef-dg

(6dg-2e (4f+gx) +3e (f+gx) Log[d+ex})}

(-a+bnlog[d+ex] -blog[c (d+ex)"]) +3 (f+gx)>?

(a-bnLog[d+ex] +bLog|c (d+ex)"])2

Problem 147: Result unnecessarily involves higher level functions.

dx

J(a+bLog[c (d+ex)"”2
TFrex

Optimal (type 4, 418 leaves, 15steps):
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16b2ef-dg nzAr‘cTanh[@]
16b2n?2+/f+gx Jefdg

g \/?g

8b2 e F _dg n? ArcTanh [ Y [frex 12
\ef-dg n?ArcTanh| Jerds ] 8bnfrgx (a+blog[c (d+ex)"])

+

\/?g g
8bvVef-dg nAr‘cTanh[@e%] (a+bLogfc (d+ex)"])
v N
Ve g
16b2/ef-dg nZAr‘cTanh[ﬁ“ﬂgx | Log| ; 2 —]
_ e v/ f+gx
2+/f+gx (a+bloglc (d+ex)"])? Brae " Vrdz
+ +
g \/?g
8b2+/ef-dg n?Polylog|2, 17#]
e figx
' Verdg
Ve g
Result (type 5, 301 leaves):
1
egV/frgx
e (f+gx 1 g (d+ex)
2 |b*n* | ———— |g(d+ex) HypergeometricPFQ[{—, 1, 1,1}, {2, 2,2}, — | -
ef-dg 2 -ef+dg
1 g(d+ex>
g (d+ex) Hyper‘geometr‘icPFQ[{f, 1, 1}, {2, 2}, “————| Log[d+ex] +
2 -ef+dg
.F
(ef-dg) [-1+ 7e( il Log[d+ex]?| +
ef-dg
2bnVFrgx |2ve Ver-dg arcrann] VS VT EX 1 FTx L2+ Logid-ex])
Vef-dg

(a-bnlog[d+ex] +blog[c (d+ex)"|)+

e (f+gx> (afanog[d+ex} +bLog[C (d+ex)n])2J

Problem 148: Result unnecessarily involves higher level functions.

dx

J(a+bLog[c (d+ex)"”2

(-F+gx>3/2
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Optimal (type 4, 312leaves, 10 steps):
8b2+/e n?ArcTanh [ @] 2

ef-dg
g\Vef-dg
e o/ frgx n
8b ArcTanh blL d
Ve narcTan [ Jefdg J (a+biog[c (drex)’]) 2 (a+bLoglc (d+ex)n])2
gt dg N
Ve [figx 2 2
16b2\EnZAr‘cTanh[ s ]Log[lﬂqv‘m] 8b2\En2PolyLog[2,1—17VCN/$]
Jefdg B Vetdg
gvef-dg gvef-dg
Result (type 5, 342 leaves):
l2 2bn|2+/e (f+gx) Ar‘cTanh[M]+\/ef—dg f+gx Log[d+ex]
g Vef-dg
(-a+bnlog[d+ex] -bLogc (d+ex)”])}/
-b d b d "1)?
(m (-F+gx)>f (a-bnlog[d+ex] +blog[c (d+ex)"]) X
NFrgx
e (frgx) 3 g (d+ex)
b>n*|g (d+ex) | ——— Hyper‘geometr‘icPFQHl, 1,1, =}, {2, 2, 2}, e I
ef-dg 2 -ef+dg
e (f+gx)
(ef-dg) Log[d+ex] ||-1+ Log[d+ex] -
ef-dg
f f
elfrex) | oor|e. |ofrEX) / (lef-de) VFrex |
ef-dg 2 ef-dg

Problem 149: Result unnecessarily involves higher level functions.

dx

J(a+bLog[c (d+ex)””2

<f+gx>5/2

Optimal (type 4, 423 leaves, 14 steps):
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16 b2 e3/2 n? ArcTanh | @]

Jef-dg

3g(ef-dg)*?

8 b2 e3/2 2 ArcTanh[@@]z
Jefdg 8ben (a+bloglc (d+ex)"])
+

3g(ef-dg)*? 3g (ef-dg) VFrgx
8be3/2nArcTanh[@} (a+bLogfc (d+ex)"]) 5
Jefdg 2 (a+blogfc (d+ex)"])
3g(ef-dg)*? 3g (frgx)*?
16 b2 e3/2 2 Ar‘cTanh[ﬁ frgx | Log[—2——] 8b2e¥2n?Polylog|2, 1- 2
Jefdg g e Srex 1 e frex
Jetdg _ Jefdg
3g(ef-dg)*? 3g(ef-dg)*?

Result (type 5, 419 leaves):
1

3g(ef-dg)? (f+gx)??

Ve VFrigx
Jef-dg

2|-2b~/ef-dg n|2e¥? (f+gx)>?ArcTanh]

| -VeF-dg

(2e (f+gx) + (-ef+dg) Log[d+ex])| (a-bnLog[d+ex] +blog[c (d+ex)"]) -

(e'Ffdg>2 (a-bnlog[d+ex] +blog|c (d+ex)”])2+b2n2 3eg(d+ex) (f+gx)

f d
elfrex) HypergeometricPFQ|[ {1, 1, 1, E}, (2, 2,2}, M] +
ef-dg 2 -ef+dg
f f
(ef-dg) Log[d+ex] ||dg+egXx E—<—+—g—x—>—+ef -1+ EL—LEQ— Log[d+ex] -
ef-dg ef-dg
f £ f
se (Frax) 1Jw JM og L1, |2 1frex) ]]m
ef-dg ef-dg 2 ef-dg

Problem 150: Result unnecessarily involves higher level functions.

dx

J(a+bLog[c (d+ex)"])?

<f+gx>7/2
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Optimal (type 4, 503 leaves, 19 steps):
64 b2 e5/2 n2 ArcTanh [ @] 8 b2 e5/2 n2 ArcTanh [ \E:{'ﬂgx }2

16 b2 e2 n? JJef-dg Jef-dg
- + +
15g (ef-dg)®V/Ff+gx 15g (ef-dg)°? 5g(ef-dg)®?
8ben (a+blogfc(d+ex)"|) 8be’n (a+blog[c(d+ex)"])
N _
15g (ef-dg) (Frgx)*? 5g(ef-dg)’/f+gx
8be5/2nAr‘cTanh[@} (a+blogfc (d+ex)"]) 5
Jefdg 2 (a+blogfc (d+ex)"])
5g(ef-dg)*? 5g (f+gx)*?
16 b2 e5/2 n2 Ar‘cTanh[@} Log[——*——] 8b2e*2n?Polylog[2, 1- —*—|
ef-dg 1_Ne Vfigx g e fex
Vefdg Vef-dg

5g(ef-dg)*? 5g(ef-dg)”?

Result (type 5, 705leaves):
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1

5g(ef—dg)3(ef+egx)2 ef-dg+g (drex)

e

ef-dg+g(d+ex)
ef-dg

2b%2e?n?

5g (d+ex) (ef+egx)2\/

d
Hyper‘geometricPFQHl, 1,1, Z}, (2,2, 2}, M} -5g (d+ex) (ef+egx)2
2

-ef+dg

f-d d d
\/e g-g(drex] HypergeometricPFQ[ {1, 1, Z}, {2, 2}, M] Log[d+ex] +
ef-dg 2 -ef+dg

ef-dg+g(d+ex]
ef-dg

ef-dg+g(d+ex] d{ L \/efdg+g(d+ex>
+ -1+

\/ ef-dg ef-dg

(ef-dg) |[e®f

2efg |- d+ex

2[-2d (d+ex)

+

ef-dg+g(d+ex] +<d+ex)2\/e1“dg+g(d+ex)
ef-dg ef-dg

+

ef-dg+g (d+ex
d2 | -1+ g g< ) Log[d+ex]?
ef-dg

efdgg[de/

6Ar‘cTanh c 4 q
1 JJef-d ef- + +eX
——4be*?n |- L + Ve \/ g-e | )

15g (e 7dg>5/2

e

(2 (ef-dg) (efregx)+6 (efregx)®-3 (effdg)ZLog[d+ex]) /

((ef-dg)? (efregx]’)| (a+b(-nLogid+ex] - Log[c (drex|"])) -

2 (a+b (—nLog[d+eX} +L08[C (d+ex)"]))2

5g ('F+gx>5/2
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Problem 151: Result unnecessarily involves higher level functions.

2
dx

J(a+bLog[c (d+ex)"])

(f+gx)*

Optimal (type 4, 583 leaves, 25 steps):
368 b2 e7/2n2 ArcTanh | @]

16 b% e2 n? 128 b2 e3 n? Jef-dg
- +

105g (ef-dg)® (f+gx)*? 105g (ef-dg)>/Frgx 105¢g (ef-dg)’’?

8 b2 e7/2 2 Ar‘cTanh[@@]z
Jefdg 8ben (a+bloglc (d+ex)"])
+

+

7g(ef-dg)’? 35g (ef-dg) (F+gx)®?
8be?n (a+blog[c (d+ex)"]) 8be*n(a+bloglc(d+ex)"])
N _
Zlg(ef—dg)z(f+gx)3/2 7g<e-F_dg)3w/-F+gx
8b e7/2 n ArcTanh | Lo Lf-ex bL d "
7/%n ArcTanh | efdg J (a+bLoglc (d+ex)"]) 2 (a+blLoglc <d+ex>“])2
7g(ef-dg)’? 7g (frgx)’?
16 b2 e7/2 n2 Ar‘cTanh[@} Log[ —2——] 8b2e’2n2Polylog[2, 1- Z
\/ﬁ 17y/e  frgx 17\‘/e  Fegx
\/‘effdg _ \im
7g(e-F—dg>7/2 7g<e1c—dg)7/2

Result (type 5, 894 leaves):
1

ef-dg+g (d+ex)

e

7g(ef-dg)* (efregx)’

ef-dg+g(d+ex)
ef-dg

2b*e*n® |7g (d+eXx) (ef+egx)3\/

d
HypergeometricPFQ[ {1, 1, 1, 2}, (2,2, 2}, M} -7g(d+ex) (efregx)?
2 -ef+dg

f-d d d
\/e g+g(d+ex) HypergeometricPFQ[ {1, 1, g}, {2, 23, M] Logld+ex] +
ef-dg 2 -ef+dg

f-d d f-d d
(ef-dg) |e*f —1+\/e B [drex) ~3ef2g —(d+eX>\/e 818 (drex)
ef-dg ef-dg
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+3efg?

ef-dg

al 1. ef-dg+g(d+ex]
ef-dg

<d+ex>2\/ef—dg+g(d+ex) L g2 [1+\/efdg+g(d+ex)

f-d d
2d(d+ex>\/e g+g< +ex) n

ef-dg ef-dg

3

£d d £d d
3 2 (d+ex)\/e Brg(d:ex) —3d(d+ex)2\/e grg(drex)

g
ef-dg ef-dg
ef-dg+ d+ex ef-dg+ d+ex
(d+ex)3 g-e | ) —d¥ -1+ g-e| ) Log[d+ex]?| +
ef-dg ef-dg
Je ef-dgg (drex)
30 ArcTanh | : ] £ g (4 !
1 f-d ef - + +exX
——4be’?n |- eree + Ve £*8
105g (ef-dg)’"? e

(6 (e-lc—dg)2 (ef+egx) +10 (ef-dg) (ef+egx)2+30 (ef+egx)3—
15 (e-F—dg)3Log[d+ex]) /((ef—dg)3(ef+egx>4)

2 (a+b (—nLog[d+ex] +Log[c (d+ex)"”)2

a+b(-nLog[d+ex] +Log|c (d+ex)" -
avb | clavex)?])) ST

Problem 187: Result more than twice size of optimal antiderivative.

dx

(a+bLoglc (e+fx>])2
J de+dfx
Optimal (type 3, 27 leaves, 4 steps):
(a+bLogc <e+fx)])3

3bdf

Result (type 3, 61 leaves):
a’log(c (e+fx)| ablog|c (e+fx)]2 b? Log|c (e+fx)]3
df df 3df
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Problem 198: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(f+gx)5/2 (a+bLoglc (d+ex)"]) i

d+rex
Optimal (type 4, 485 leaves, 27 steps):
92b (ef-dg)’nV/Ff+gx 32b(ef-dg)n (f+gx)*?

15 e3 45 e?
5 92b<ef7dg)5/2nAr‘cTanh[@
4bn (f+gx) Jefdg
+
25e 15¢e7/2

26 (e £ - 4 )% m arcTany [YELFE 12
e f-de) AT e | 2(ef-dg)?VFiax [arblog[c(drex)]]
+

+

e’/? e3
2 (ef-dg) (f+gx)”? (a+bloglc (d+ex)"]) +2('F+gx)5/2 (a+blLog[c (d+ex)"])
3 e 5e
2 (e dg)®?ArcTanh [ L5820 ] (2 bLogc (drex)"])
Fz :

4b (ef—dg)S/znAr‘cTanh[@} Log| —2—]

ef-dg 17\/e A frgx
\ef-dg
e’/2
2b (effdg)s/znPolyLog[Z, 1- —2—]
I_Ve A frgx
\ef-dg

e7/2

Result (type 5, 2046 leaves):

2b-an\/e1:—dg+g(d+ex)

e
-2+/g Jd+ex Hyper‘geometr‘icPFQ[{—l, —l, —l}, {l, l}, m] +/g Jd+ex
27 2 2 2 27 g(d+ex)
f-d d A/ _
e grg(d-ex) Log[d+ex] -\ef-dg Ar‘cSinh[&] Log[d + e X] /
g (d+ex) Vg Jdrex



eJEVd+ex
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2bfn

. 11
HypergeometricPFQ[{- =, - =, -
2 2

3g (d+ex

)3/2

ef+egx

1
n
3e2+/d+ex \/ef_egi 1, B(drex)
g (d+ex) ef-dg
ef-dg-+ d+ex ef-dg+g(d+ex
B8 [9rex) |y qgvaex 88 (drex)
e ef-dg
1 1 1 -ef+dg
“h {2 o) ——E -
2 2 27 g(d+ex)

g (d+ex)

ef+regx . 1
————— HypergeometricPFQ[{-~, 1, 1}, {2, 2}, ] +
2

g (d+ex) ~—ef+dg

ef-dg+g(d+ex]

2+ d+ex ef -1+ +
g (d+ex) ef-dg
f-d d f-d d
gld-4d ¢ g-g(drex + (d+ex) ¢ g-g(drex Log[d+ex] +
ef-dg ef-dg
f-d d ~/ _
6d~/g Vef-dg ¢ g-g(drex mmsﬂm{——gi—gg—ﬂLogw+ex} +
ef-dg Vg Jd+ex
1, 1 ef-dg g(d+ex] ) 1
—bg’n |- 2d (d+ex) + -HypergeometricPFQ[{- —, 1, 1},
e L, Eldiex e e 2
ef-dg
d -ef+dg- d
{2, 2},7g( +EX>]+ ! 2 |-ef+dg+ef er+de g< +ex) _
ef-dg 3g (d+ex) —ef+dg
—ef+dg-g(d —ef+dg-g(d
dg efrdg-g(drex] +g (d+ex) ef-dg-g(drex) Log[d+ex] | +
—ef+dg -ef+dg
- d
- (d+eX)2 ef dg+g< +ex>
e e
1+g(d+ex)

ef-dg
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-ef+dg-g(d+ex)

4

16

-2defg
-ef+dg

eZ-F2+2de-ng2g2+ezﬁcz\/

\/_ef+dg—g(d+eX) +d2g2\/_ef+dg—g(d+ex> +2efg(d+ex)

-ef+dg -ef+dg
\/ef+dgg(d+ex) Cadg? <d+ex)\/ef+dgg(d+ex> .
-ef+dg -ef+dg
-—ef+dg-g|(d
g’ (d+ex)? °f+dg-g(drex) /(15g2 (d+ex)2) e
—efidg 3g (d+ex
3 g (d+ex)
8 (-ef+dg) HypergeometricPFQ[{- =, 1, 1}, {2, 2}, -——— || +
2 ef-dg
_ef+dg- d
! 2 |2e*f?-4defg+2d’g?-2e°f ef+dg-gldrex) *
15 g2 (d+ex)2 ~efrdg

—ef+dg-g(d+ex -—ef+dg-g(d+ex
4defg B8 > -2d°g? 88 | ) *
-ef+dg -ef+dg

—ef+dg-g|(d ~ef+dg-g|(d
efgdrex) |0 6 (dex) ~dg? (drex) [ eloeex)
—ef+dg -ef+dg

Log[d + e x]

+

-ef+dg-g (d
SR

-ef+dg

_ d
dz\/ ef-dg & (d+ex) _4Hypergeometr‘icPFQ[{—l, = —l}, {
. . 27 27 2
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ef-dg Ar‘cSinh[&

3/2 (o

2 (14 ofde ) S gldex | 1 og[d+ex]
g (d+ex) efd
Vg Vd+ex |1+ &

g (dvex)

_1_ efdg
g (d+ex)

1, (ef-dg)®? Ar‘cTanh[M]

(a+
b (-nLog[d+ex] +Log[c (d+ex)"])) +

VFgx

;2 (23e*f?-35defg+15d*g?)
15e

(a+b (-nLog[d+ex] +Log[c (d+ex)"])) +
2g (11ef-5dg)x (a+b (-nLogld+ex] +Log[c (d+ex)"]))

N
15 e?

2g?x? (a+b (-nLog[d+ex] +Log[c (d+ex)"]))
S5e

Problem 199: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(-F+gx>3/2 (a+blog[c (d+ex)"])

d+ex

dx

Optimal (type 4, 417 leaves, 20 steps):
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16b (ef-dg)ny/f+gx 4bn (figx)®?

3e? 9e

16b (effdg>3/2nArcTanh[m] 2b (effdg)”znAr‘cTanh[@ 2
Jef-dg \Jef-dg
+

+

3 e5/2 05/2
2 (ef-dg)Vf+gx (a+bloglc (d+ex)"]) +2(f+gx)3/2 (a+bloglc (d+ex)"])
e? 3e
2 (ef_dg)B/ZArcTanh[@e%} (a+blog[c (d+ex)"])
52

4b (ef—dg)”znAr‘cTanh[@} Log| —2—]
ef-dg 17\/:\/f>gx

\/‘effdg

e>5/2

2b (ef-dg)*?nPolylog[2, 1- #

1 Ve Vfex

\/ef—dg

e>/2

Result (type 5, 840leaves):
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2bFn\/ef—dg+g<d+ex)

e

[_zrmwpepgeomemcppq[{ i -, _i}, {i, %}, ‘(ed*:“jg)] Vg Varex
g +eX
Vef-dg

ef-dg+ d+ex
\/ g-e| ) Log[d+ex] -\ef-dg ArcSinh| | Logd +ex] /

g (d+ex) VE Vdrex

.F
e\/E\/dJrex erregx
g (d+ex)

d+ex e~F+egx 1+g(d+ex)
(d+e x) ef-dg

f-d d f-d d
bn\/e g+g(d+ex) 12dgVTTEx \/e g+g(d+ex)

e ef-dg
HypergeometricPFQ| {- 1 —l, —1}, {1, 1}, —efrde,
20 27 2 2 2 g(d+ex)
d
3g (d+ex)>? efregx Hyper‘geometr'icPFQ[{—l, 1, 1}, {2, 23, M
g(d+ex) 2 -ef+dg
aVdrex | 2Fre8x ol g, ef-dg-g(drex) |
g (d+ex) ef-dg
f-d d f-d d
g d4dJe grg(d-ex) +(d+ex)\/e grg(drex) ] Log[d+ex] +
ef-dg ef-dg
f-d d N _
6d/g Vef-dg ¢ g-g(drex Ar‘cSinh[&} Log[d+ex]| -
ef-dg Vg Jd+rex
i2 (e-F—dg)”ZAr'cTanh[m] (a+b (-nlLog[d+ex] +Log[c (d+ex)"])) +
e5/2 m
NFrgx

2 (4ef-3dg) (a+b (-nLlogld+ex] +Log[c (d+ex)"]))

.
3 e?

2gx (a+b (-nLog[d+ex] +Log[c (d+ex)"]))

3e
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Problem 200: Result unnecessarily involves higher level functions.
J\/f+gx (a+bLogfc (d+ex)"])

d+ex

dx

Optimal (type 4, 349 leaves, 14 steps):

4bef-dg nArcTanh[m] 2bvef-dg nAr‘cTanh[reQ@}2
4bn/f+gx Jef-dg Jef-dg

- + + +
e e3/2 e3/2

2'/ef-dg Ar‘cTanh[\E fex | (a+blLog[c (d+ex)"])

2/ F+gx (a+bLog{c (d+ex)”]) Jefdg
e B e3/2
Ve \[figx 2 2
4b+/ef-dg nArcTanh Lo 2byef-dg nPolylog|2,1- ——
: = g 8 nPolytogl2, - ]
Vefdg Jef-dg
93/2 N e3/2
Result (type 5, 268 leaves):
1 1 1 1 1 1 1 -ef+d
—2|-—————2ben+f+gx Hyper‘geometr‘icPFQ[{——, -=-=hL{= =} *98
e? 2 2 2 2 27 g(d+ex)
e (f+gx)
g (d+ex)
1 e (f+gx Jef-d
——b+/g Jef-dg n'/d+ex wAr‘cSinh[#] Log[d +ex] +

VFrgx g (d+ex) Vg Vdrex
eVf+gx (a+blogc(d+ex)"]) -

Ve VFgx

\E\/ef—dg Ar‘cTanh[
Vef-dg

| (a-bnLog[d+ex] +bLog[c (d+ex)"])

Problem 202: Result unnecessarily involves higher level functions.

dx

Ja+bLog[c (d+ex)"]

(d+ex) (f+gx>3/2

Optimal (type 4, 340leaves, 13 steps):
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4b\/?nAr‘cTanh{@} Zb\/?nAr‘cTanh[rL@]2

ef-dg ef-dg
+
(ef—dg>3/2 (e-F—dg>3/2
N - S
2 (a+bloglc (d+ex)"]) Ve ArcTanh| Jeras | (a+blLoglc (d+ex)"])
(ef—dg)m (e_F_dg>3/2
Ve [Fax : 2
° h b 1 2
4b~/e nArcTanh| Jeras ]Log[liM] 2b+/e nPolylog|[2, 1 17@}
V‘Jef—dg B \c/ef—dg
(ef-dg)?? (ef-dg)*?

Result (type 5, 267 leaves):

3/2

1 e (f+gx) ) 3 3 5 5. -ef+dg 1
2|-—2bn Hyper‘geometr‘lcPFQH*, —> *}, {* *}: +
e g (d+ex) 272727 20 27 g(dvex)  (ef-dg)*?
.F A/ —
9 (f+gx) [-b/g n/d+ex Mm‘csinh[4ef de | Log[d+ex] +
g (d+ex) Vg Vd+ex
Vef-dg (a+blogf[c (d+ex)"]) -
Ve firgx Ar‘cTanh[M] (a-bnlog[d+ex] +bLog|c (d+ex)”])
Vet dg

Problem 203: Result unnecessarily involves higher level functions.

dx

Ja+bLog[c (d+ex)"]

(d+ex) (f+gx>5/2

Optimal (type 4, 406 leaves, 18 steps):
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16 b e*/2n ArcTanh| @}

4ben Jef-dg
- +

3(ef-dg)’/frgx 3 (ef-dg)®?
2be3/2nAr‘cTanh[@}2

Jefdg +2(a+bLog[c (d+ex)"])

+

(ef-dg)®? 3(ef-dg) (frgx)??
2e3/2ArcTanh[@] (a+bLlog[c (d+ex)"])
2e (a+bLlogf[c (d+ex)"]) Jefdg
(ef—dg)zm (ef—dg)S/Z

4be3/2nAr‘cTanh[\/F  Frex | Log| —*—] 2be*2nPolylog[2, 1- —*—|
ef-dg 1. Ve Vfex 1 Ve Vfex

\ef-dg _ me

(ef-dg)*? (ef-dg)*?

Result (type 5, 487 leaves):

2bn (ef+egx)

6 (e-F—dg)3 (e-F+egx)zHyper‘geometr‘icPFQ[{E, >
2 2

25g% ([ef-dg)? (d+ex)’ efregx Log[d +ex] +
g (d+ex)

ef+egx

32
75g* (-ef+dg) (d+ex)* J Logld+ex] +

g (d+ex)

Vef-dg
\/E\/d+ex

|

75g°2\/ef-dg (d+ex)5/2 (e-F+egX)2Ar‘CSinh{ | Log[d +ex]

/

efregx (ef-dg+g(d+ex)

75eg’ (e-F—dg)3 (d+ex>3

e

g (d+ex)

- 2e3/2Ar‘cTanh[7\/F frex ]
(ef-dg)*? Jef-dg

(a+b (-nLog[d+ex] +Log[c (d+ex)"])) +

JFTEX 2 (a+b (-nlog[d+ex] +Log[c (d+ex)"]))
+g8X |-
3(-ef+dg) (f+gx)?

+

2e (a+b (-nLog[d+ex] +Log[c (d+ex)"]))
(ef-dg)? (f+gx)
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Problem 204: Result unnecessarily involves higher level functions.

(d+ex)3/2 Log[a +b x]
dx
J a+bx

Optimal (type 4, 381 leaves, 20 steps):
16 (bd-ae)drex 4 (d+ex)?
- - +

3 b2 9b 3 b>/2

b Jdiex 12
2 (bd-ae)’*ArcTanh| j%x " (bd-ae)/d+ex Logla+bx]
+

16 (bd-a e)3/2 Ar‘cTanh[lLb\dd*E}
\ -ae

+

b5/2 b2
2 (d+ex)®?Log[a+bx] 2 (bd—ae>3/2Ar‘cTanh[%] Log[a+bx]
3b R b5/2 B
3/2 b +/diex 2 3/2 2
4 (bd —ae) Ar‘cTanh[ — ] Log[liv‘?vm ] 2 (bd—ae) PolyLog[Z, 1- T doe ]
\/bd—ae \/“bdfae
b5/2 N b5/2

Result (type 5, 407 leaves):

= \/?\/a+bx - 1
3b3+/d+ex b (drex) b (d+ex)
bd-ae bd-ae
12b+/e Va+bx (d+ex) Hyper‘geometricPFQ[{fl, 7l, 71}, {1, 1}, M] -
27 27 2 2 27 efa+bx]
3 b(d+ex) 1 e(a+bx>
3e*? (a+bx| L HypergeometricPFQ[{- =, 1, 1}, {2, 2}, ————] +
e(a+bx) 2 -bd+ae
2 (Ve Varbx
b(d+ex) b(d+ex)
bex —— +ae (1-3 ——F— | +bd |-1+4 -
bd-ae bd-ae
b (d A/ _
3(bd-ae)’? wAr‘cSinh[ bd-ae || Log[a+bx]

bd-ae Ve Varbx
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Problem 205: Result unnecessarily involves higher level functions.

J\/d+ex Log[a + b x] dx

a+bx
Optimal (type 4, 323 leaves, 14 steps):

Vb /drex Vb Jdiex |2
74\/@ 4+/bd-ae Ar‘cTanh[ bd_aix}+2\/bd—ae Ar‘cTanh[ bd_aix]

N
b b3/2 b3/2
N A/b ~/drex_
2+/drex Logla+bx] 2 bd-ae ArcTanh| Jbiae ] Log[a+bx]

-ae

+

b b3/2
4+bd-ae ArcTanh[¥bfdex | oo 2 2+/bd-ae Polylog[2, 1-
[ /bd-ae ] g[li\/’fyﬁ} y g[ \/b \/ﬁ]
\/bd—ae \/bd-ae
b3/2 N b3/2

Result (type 5, 186 leaves):

- ]2 (d+ex)?? Z\EWHyper‘geometr‘icPFQ[{—l, -=-=hL{= =}

2 2 2 272 e(a+bx)

d+ex \Vbd-

-Je Va+bx +Vbd-ae ArcSinh| ———— ae || Log[a +bx] /
e a+bx Ve Va+bx

3/]

Problem 207: Result unnecessarily involves higher level functions.

J Log[a + b x] dx
(

a+bx) <d+ex)3/2

(ea/z (a+bx)?2 b(drex)

e(a+bx)

Optimal (type 4, 316 leaves, 13 steps):
4\/FAr‘cTanh[m] 2\/FAr‘cTanh[£*@]2

Vbd-ae Jodse ©
(bd—ae>3/2 (bd—ae)3/2
2Llog[a+bx] ZWArcTanh[l%%} Log[a+bx]
(bd-ae)Vd+ex (bd-ae)??
b d+e x 2 5
4~/b ArcTanh| N ] Log[1 @} 2/b Polylog[2, 1- —17@}
Jbd-ae Jodae

(bd—ae)3/2 (bd—ae)z’/2
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Result (type 5, 183 leaves):

b (d+ex) . 3 3 3 5 5 _ _bd-ae
1 2 e (a+bx) HypergeometrlchQ[{z’ 2’ 2}’ {2’ 2}’ ae+bex] 1

2
9+vVd+ex ae+bex (bdfae>3/2

b (d ~/ _
9V/bd-ae -+/e Va+bx wAr‘cSinh[&} Log[a + b x]
e(a+bx) Ve Ja+bx

Problem 208: Result unnecessarily involves higher level functions.

J( Log[a + b x] dx

a+bx> <d+ex)5/2

Optimal (type 4, 372 leaves, 18 steps):
16 b3/2 Ar‘cTanh{Lzb dex | pp32 ArcTanh[M]z

) 4b . Vbdae | Jodae |
3(bd-ae)*+/drex 3(bd-ae)®? (bd-ae)®?
b /drex
2 Log[a+bx] ) 2blog[a+bx] 72b3/2Ar‘cTanh[ vﬁx ] Log[a + b x] )
3(bd-ae) (d+ex)?? (bd-ae)’vd+ex (bd-ae)®?
3/2 b +/d+ex 2 3/2 2
4b*2 ArcTanh | —— ]Log[liﬁ\m] 2b3/2Polylog|2, 1 1,\/?\/ﬁ]
\/m B A\ bd-ae
(bd-ae)®? (bd-ae)®?
Result (type 5, 197 leaves):
+ 3/2 . -bd+
L[ s wpergemericrral (1, 3, 1), (3 2 ]
75 (d+ex)?? e(a+bx) (bd-ae)®?
b (d 3/2 [ —
25 |\/bd-ae (4bd-ae+3bex)-3e*? (a+bx)*? bldrex) Ar‘cSinh[ﬁ
e (a+bx) e Ja+bx

Log[a + b x]

Problem 225: Result more than twice size of optimal antiderivative.

dx

J(h+ix> (a+bLogc (d+ex>”})2

f+rgx
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Optimal (type 4, 215leaves, 10 steps):
2abinx 2b2in2x 2b%in (d+ex) Log[c (d+ex)"]

+ - +
g g €g

i(d+ex) (a+blog|c (dJrex)””2 (gh-fi) (a+blLog|c (d+ex)“”2Log[ee;fd; ]

+

eg g’
2b (gh-fi)n (a+blog|c (d+ex)”])PolyLog[2,fg;(:j—Z;)—}
gZ
2b% (gh-fi) n?Polylog|3, —g;(ii—:;)—]
gZ

Result (type 4, 451 leaves):

egix (a-bnLog[d+ex] +blog|c <d+ex)”})2+

e g?

e (gh-fi) (a-bnlogld+ex] +bLlog|c (d+ex)””2Log[-F+gx] +
2beghn (a-bnlog[d+ex] +blog[c (d+ex)"])

Log[d +ex] Log|
ef-dg -ef+dg

2bin (a-bnLog[d+ex] +blogf[c (d+ex)"]) (g (d+ex) (-1+Log[d+ex]) +

1))

Log[d+ex]?Log

f d
[7e< +gx) } +PolyLog[2, —g( +ex)
ef-dg -ef+dg

ef |Log[d+ex] Log

{e (F+gx)
ef-dg

b>in* g (d+ex) (2-2Log[d+ex] +Log[d+ex]?) -ef

|+

d d
2Log[d+ex] PolyLog|2, w] - 2PolyLog|3, g (drex) )J +

-ef+dg -ef+dg

f d
[w} +2Log[d +ex] POlyLOg[Z, M _
ef-dg -ef+dg

b2eghn? |Log[d+ex]?Log

d
2 Polylog|3, M

-ef+dg

Problem 229: Result more than twice size of optimal antiderivative.

J<h+ix)2 (a+bLogc <d+ex)n])3dlx

f+rgx

Optimal (type 4, 660 leaves, 23 steps):
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6ab?i(eh-di)n’x 6ab’i(gh-fijn?x 6b%°i(eh-di)n’x

+ — —

eg g’ eg
6b*i (gh-fi)jn®x 3b%i%?n® (d+ex)® 6b3i(eh-di)n?(d+ex) Log[c (d+ex)"]
- + +
g? 8e?g e’g

6b>i (gh-fi)n? (d+ex) Log[c (d+ex)"] 3b%i2n? (d+ex)? (a+bLog[c (d+ex)"])
N _
eg? 4e?g
3bi(eh-di)n(d+ex) (a+bLog[c (d+ex)"])?

e’g

3bi(gh-fi)n(d+ex) <a+bLog[c (d+ex)n])2 3bi%n (d+ex)2 (a+bLog[c (d+ex)n])

- +

2

eg? 4e’g
i(eh-di) (d+ex) (a+blog[c (d+ex)"])?> i (gh-fi) (d+ex) (a+blog[c (d+ex)"])?
+ +
e’g eg?
i2 (d+ex)2(a+bLog[c (d+ex)”])3 (gh—fi)z(aerLog{c (d+ex)””3Log[eeid;]
+
2e’g g’
3b(gh-fi)?n (a+blog[c (d+ex)"})2PolyLog[2,—géit—Z;L]
g3
6 b2 (gh—-Fi)zn2 (a+bLogc (d+ex)”])PolyLog[3,—géii—:|;L}
g3
6b> (gh-f1i)?n?Polylog|4, —gj:i—jz)—]

g3

Result (type 4, 1474 leaves):

8e’gi (2gh-fi)x(a-bnlog[d+ex] +bLog|c (d+ex)”])3+

8e2g3
4e’g?i’?x* (a-bnlog[d+ex] +bLlogc (d+ex)”])3+
8 e? (ghsFi)2 (a-bnlog[d+ex] +blog|c (d+ex)"])3Log[-F+gx] +
24be’g?’h’n (a-bnlog[d+ex] +blog|c (d+ex>"})2

.F
e lfrex) ) ooiyiog[2,
ef-dg -ef+dg

d
Log[d + e x] Log M

}]wbizn

(a-bnlog[d+ex] +blog|c <d+ex)"”2 eg(ex (4f-gx)+2d(2f+gx))-2Logld+ex]

e (f+gx)
ef-dg

d
(g(d+ex> (2ef+dg-egx) -2e”f* Log| M

]

+4e?f?Polylog|2,

-ef+dg

48beghin (a-bnlog[d+ex] +blog|c (d+ex)”])2 [g (d+ex) (-1+Log[d+ex]) +

[M} +Polylog|2, M] J +

ef-dg -ef+dg
48b*eghin® (a-bnlog[d+ex] +blog[c (d+ex)"])

ef |Log[d+ex] Log
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.F
g(d+ex) (2-2Llog[d+ex] +Log[d+ex]?) -ef Log[d+ex12Log[w} .
ef-dg
d d
2 Log[d +ex] Polylog|2, M]—ZPolyLog[L g(drex) J _eb2iln?
-ef+dg -ef+dg

(a-bnlog[d+ex] +blogfc (d+ex)"])

4efg(d+ex) (2-2Llog[d+ex] +Log[d+ex]?) -

g’ (ex (-6d+ex) + (6d°+4dex-2e’x*) Log[d+ex] -2 (d®-e®x*) Log[d+ex]?) -

.F
4% f2 Log[d+ex]2Log[w
ef-dg
g (d+ex) g (d+ex)
2Log[d+ex] PolyLog[2, ~————| - 2PolyLog|3, }J N
-ef+dg -ef+dg
.F
48b292g2h2n2 (a—anog[d+ex}+bLog{c (d+ex)”]) lLOg[d+ex}2Log[w}+
2 ef-dg
d d
Log[d + e x] PolyLog|2, w} - Polylog |3, g(drex) .
-ef+dg —ef+dg
f d
8b3e2g2h2n3 Log[d+ex]3Log{w}+3Log[d+ex}2PolyLog{2, M _
ef-dg -ef+dg

-ef+dg

6 Log[d +ex] PolylLog|3, | + 6 PolyLog|4,
-ef+dg

16b*eghin?

-g (d+ex) (-6+6Log[d+ex] -3Log[d+ex]®+Log[d+ex]?) +

f d
ef LOg[d*'eX]3LOg[E—L—ijiil]-+3Log[d+-eX]2PolyLog[2, gldrex) -
ef-dg -ef+dg
d d
6 Log[d+ex] POlyLOg[?), M] +6POlyLOg[4, M JJ +
-ef+dg —ef+dg

b®i? n?

-8efg (d+ex) (-6+6Log[d+ex] -3Log[d+ex]®+Log[d+ex]?) -

g’ (3ex (-14d+ex) +6 (7d>+6dex-e’x*) Log[d+ex] -
6 (3d*+2dex-e*x*) Log[d+ex]®+4 (d®-e*x*) Log[d+ex]?) +
[e (f+gx)}
ef-dg

8e?f? [Log[d+ex]?Log

d
+3Log[d+ex]?Polylog|2, M -

-ef+dg

g(d+ex)}]]

Problem 230: Result more than twice size of optimal antiderivative.

J(h+ix) (a+bLog|c (dJrex)””3

f+rgx

g (d+ex)
6 Log[d + e x] PolyLog|[3, ————"] + 6 PolylLog|4,

-ef+dg -ef+dg

dx

Optimal (type 4, 308 leaves, 12 steps):
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6ab2in2x 6b3in3x 6b%in? (d+ex) Log|c (d+ex)"]
_ N _

g g eg
3bin(d+ex) (a+blog[c(d+ex)"])? i(d+ex) (a+bloglc(d+ex)"])’
eg ’ eg +
(gh-fi) (a+bLog|c (d+ex)“”3|_og[%%§§>_]
g2
3b(gh-fi)n (a+blog|c (d+ex)n])2PolyLog[2,78;(it—ZzL}
g2
6b> (gh-fi)n? (a+bLog[c (d+ex>”})PolyLog[3,75ﬁt—Z§L]
g?
6b> (gh-fi) n®PolylLog|4, J%jit—zzl]
g?

Result (type 4, 776 leaves):
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egix (a-bnLog[d+ex] +bloglc (d+ex)"”3+

eg?

e (gh-fi) (a-bnlog[d+ex] +blog|c <d+ex)””3Log[F+gx] +
3beghn (a-bnlog[d+ex] +blog|c (d+ex)”])2

f d
Log[d +ex] Log[w] +PolyLog[2, M ] -

ef-dg -ef+dg

3bin (a-bnlog(d+ex] +bLlog|c (d+ex)”])2 [g (d+ex) (-1+Log[d+ex]) +

f d
[7e< -gx) | +PolyLog|2, 7g( +ex)
ef-dg -ef+dg

3b%in® (a-bnlog[d+ex] +blog[c (d+ex)"])

ef |Log[d+ex] Log

1))

Log[d+ex]?Log

[g (d+ex) (2-2Log[d+ex] +Log[d+ex]?) -ef

ef-dg

d
] 72p01y|_0g[3, M}JJ 4
-ef+dg -ef+dg

d
2Log[d+ex] PolylLog|2, w

6b2eghn? (a-bnlog[d+ex] +blog[c (d+ex)"]) (1Log[d+ex]2Log

[e (f+gx)

[e (f+gx)]

|+

+

2 ef-dg

Log[d +ex] PolyLog|2, | -PolyLog|3, +

-ef+dg -ef+dg

-F
[M} +3Log[d+ex]?PolyLog|2,
ef-dg -ef+dg

b>eghn? |Log[d+ex]?Log

6 Log[d + e x] PolylLog|3, | +6PolyLog|4,

-ef+dg -ef+dg

b31in3 [g (d+ex) (-6+6Log[d+ex] -3Log[d+ex]?+Log[d+ex]?) +

f d
[M] +3Log[d+ex]?Polylog|2, M -
ef-dg —ef+dg

1))

Problem 231: Result more than twice size of optimal antiderivative.

ef |Log[d+ex]3Log

6 Log[d + e x] Polylog|3, | +6PolyLog|a,

—ef+dg -ef+dg

dx

J(a+bLog[c (d+ex>“”3

f+rgx

Optimal (type 4, 158 leaves, 5steps):

g (d+ex) .

} —

(a+bLog|c <d+ex)”])3Log[e—e(%§?—} ) 3bn (a+blog|c (d+ex)”])2PolyLog[2, 7g—(—)—e:j;
g g
6b2n* (a+blog[c (d+ex)"]) Polylog|3, -gg(it—:?—] ) 6 b> n* Polylog|4, _géit_Z;L]

8 8
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Result (type 4, 335leaves):

(a-bnLog[d+ex] +bLog[c (d+ex)"])’ Log[f+gx] +

g
3bn(afanog[d+ex]+bL0g[c (d+ex)“”2
f d
Log[d + e x] Log[w] +Poly|_og[2J M )+
ef-dg -ef+dg
.F
6 b2 n2 (afanog[dJrex] +bLog[c (d+ex)”]) lLog[dJrex}zLog[M] .
2 ef-dg
d d
Log[d + e x] Polylog|2, M} - PolylLog(3, g(drex) .
-ef+dg -ef+dg
f d
b3n3(Log[di'exJBLOg[S‘L_ifiil]*»3L0g[d+-ex]2PolyLog[2, g(drex),
ef-dg _ef+dg
d d
6logld+ex] PolyLog[3, M} +6PolyLog[4, M] ]
—ef+dg —efidg

Problem 256: Result unnecessarily involves imaginary or complex numbers.

dx

x* (a+blog[c (d+ex)"])
J frgx?
Optimal (type 4, 397 leaves, 16 steps):

bdfnx bd®nx bfnx?> bd’nx* bdnx®> bnx* bd?>fnlog[d+ex]

+ + - + - -

2eg? 4e3g 4 g? 8e?g 12eg 16g 2e?g?
bd*nlog[d+ex] fx?(a+blog[c(d+ex)"]) x*(a+bloglc(d+ex)"])
- + +
4e*g 2g? 4g
e [\/-F -\/g x e (\/-Ff +\/g x
f2 (a+blog[c (d+ex)"]) Log| NETNT | f*(a+blog[c (d+ex)"]) Log| NENT ]
2g? 2g°

bonPolyLog[Z, —M} bonPolyLog[Z, M]
e/ -f -dvg e/ -f +dVg

2g3 2¢g3

Result (type 4, 373 leaves):
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-24fgx® (a-bnlog[d+ex] +blog[c (d+ex)"]) +
48 g3

12g°x* (a-bnlog[d+ex] +blogfc (d+ex)"]) +
242 (a-bnlog[d+ex] +blog[c (d+ex)"]|) Log[f+gx?] +
12fg (ex (-2d+ex) +2 (d*>-e?x?) Log[d+ex]) 1
L
e4

2

e

g’ (ex (12d’-6d’ex+4de’x*-3e*x*) -12 (d*-e*x*) Log[d+ex]) +

\/E(d+ex) \/E(d+ex)
24 f? |Log[d +ex] Log[1 - | +Polylog|2, .
_ie\/?+dﬁ —ieW+d\/E
d d
24 f% |Log[d + e x] Log[l— M} +PolyLog{2, M] J
ieVf +dvg ieVFf +dvg

Problem 257: Result unnecessarily involves imaginary or complex numbers.

dx

x> (a+blog[c (d+ex)"])
J f+gx?
Optimal (type 4, 278 leaves, 13 steps):
bdnx bnx* bd’nlogid+ex] X*(a+blog[c (d+ex)"])
_ . _

2eg 4g 2e’g 2g
e [/ -F -\/g x e [\/-F +\/g x
f(a+blogf[c (d+ex)"]) Log] = ] 7F(a+bLog[c (d+ex)"]) Log| = ] )
2g2 2g2
bfnPolyLog[Z,—M] b f nPolyLog|2, M}
e/ -f -d/g - e/ -f +dg
2g? 2g?
Result (type 4, 283 leaves):
2e’gx* (a-bnlog[d+ex] +bloglc (d+ex)"]) -
4e2g?
2e’f (a-bnlog[d+ex] +blogc (d+ex)"]) Log|[f+gx?] +
bnlegx (2d-ex) -2g (d*-e*x*) Log[d+ex] -
d d
2e?f |Log[d+ex] Log[1l- @< rex] | +PolyLog|2, \/E( rex) -
—]'le\/?+d\E 7]'Le\ﬁ+d\/§
d d
2e?f |Log[d+ex] Log[l—M]+PolyLog[2, M] ]
ief +dvg ief +dvg




Mathematica 11.3 Integration Test Results for 3.3 u (a+b log(c (d+e x)~n))p.nb | 61

Problem 258: Result unnecessarily involves imaginary or complex numbers.

Jx (a+blLog[c (d+ex)"])

f+gx?

dx

Optimal (type 4, 203 leaves, 8 steps):
e [V F /g x

e [VIF-VE
(a+bLog[c (d+ex)"]) Log| NETNT | (a+blog[c (d+ex)"]) Log| NETN ] )
2g 2g
bnPolylog|2, —M] bnPolylog|2, M]
eV FavE ) eV F-dvE
2g 2g

Result (type 4, 189 leaves):

! (a—anog[d+ex]+bLog[c(d+ex)"])Log[f+gx2]+
2g
d d
bn(Log[d+ex} Log[1- Ve (drex) }+Log[1—M .
~ie/f +dVg ie~f +dg
d d
potyLog[2, —YE AT eX) 1 oo iogln, YELAEX]
~ieVf +d/g ieVF +dg

Problem 259: Result unnecessarily involves imaginary or complex numbers.

n
Ja+bLog[c (d+ex)"] i
x (f+gx?)
Optimal (type 4, 245leaves, 12 steps):
JFVE
Log[—ed—x} (a+bLog[c <d+ex)"]) ) (a+bLog{c (d+ex)”” Log{ee 7F+d\g/g ] i
f 2f
e (\/-F +V/g x tex
(a+blogf[c (d+ex)"]) Log| NEN ] ) bnPolyLog|2, 76—\%:—};—] )
2f 2f
bnPolyLog|2, j%}d;—exr)g_} bnPolyLog|2, 1+ed—x]

+

2f f

Result (type 4, 264 leaves):
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1 n ex
Y -2alog[x] -2blog[x] Log[c (d+ex)"] +2bnLog[x] Log[1+ 7] +
2

alog[f+gx®| -bnlog[d+ex] Log|[f+gx*] +blog[c (d+ex)"]| Log[f+gx?] +

Vg (d+ex) Vg (d+ex)
bnLog[d+ex] Log|[1- | +bnlogid+ex] Log[1- ———"—] +
—ie/f +dg ieVf +dVg
e x Vg (d+ex) Vg (d+ex)
2anolyLog[2, —f] +anolyLog[2, } +anolyLog[2, —_—
d —ie+f +dg ief +dv/g

Problem 260: Result unnecessarily involves imaginary or complex numbers.

Ja+bLog[c (d+ex)"]

X3 (f+gx?)

dx

Optimal (type 4, 331 leaves, 15 steps):

ben be?nlog(x] be?nlog[d+ex] a+bloglc (d+ex)"]
- + - _

2dfx 242 f 242 f 2Fx2
e (+/-Ff -Vg x

gLog]-2] (a-bLoge (a-ex)"]) & a+bLoslc (a-ex)']) og] "

£ 2 f2

e \/TJr\/EX tex
g (a+blogfc (d+ex)"]) Log| e ] ) bgnPolyLog|2, _Jeri(ideﬁ) ]
2 f2 2 f2
bgnPolylog|2, jgji;—exr:] ) bgnPolylog[2, 1+ ed—x}
2 f2 £2

Result (type 4, 340 leaves):
1 ﬂ befn

be?fnlog[x]
-2aglog(x] - ——mmmmmm
2 f2 x? d x d?

+

be?fnlog[d+ex] bflog[c (d+ex)"]

d? x?

-2bglog[x] Log[c (d+ex)"] +

2bgnlog[x] Log[1+ed—x] +aglog[f+gx?| -bgnlog[d+ex] Log[f+gx?] +

Vg (d+ex)
bglog[c (d+ex)"| Log[f+gx?| +bgnlog[d+ex] Log[1- +
-ievf +dg
Vg (d+ex) ex

bgnLlog(d+ex] Log[1- }+2bgnPolyL0g[2rT]+

jeﬁ+d\/g
Ve (drex] | +bgnPolylog|2, M]
~ief +dVg ieVf +dVg

bgnPolylLog|2,
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Problem 261: Result unnecessarily involves imaginary or complex numbers.

dx

x* (a+blog[c (d+ex)"])
J f+rgx?
Optimal (type 4, 369 leaves, 16 steps):

afx bfnx bd’nx bdnx* bnx* bd®nlogld+ex] bf(d+ex)Llog[c(d+ex)"]
- - +

+ - + - +
g? g’ 3eg 6eg 9g 3e3g eg?

e [\/-F -\/g x
x> (a+blog[c (d+ex)"]) (-f)*? (a+blog[c (d+ex)"]) Log| W= ]

T _
3g 2g5/2
VoF g x

(—-F)3/2 (a+bLloglc (d+ex)"]) Log[:vjid\/E ] ]

2 g5/2

b (-f)*?nPolylLog|2, —@—Leﬁi;ej?} b (-f)**nPolylLog|2, JE—(—Leﬁ‘:ej?}

2g5/2 2g5/2

Result (type 4, 374 leaves):

1
p 76'F\ﬁgx<a—anog[d+ex}+bLog[c (d+ex)"]) +
2g*2x (a-bnlLlog[d+ex] +blog|c (d+ex)”])+6f3/2Ar'cTan[\/EX]
F
2f d -1+L d
(a-bnlog[d+ex] +blog[c (d+ex)"])+3bn |- \/E( rex) (-1-logldrex]) +
e
g% (ex (-6d*+3dex-2e?x?) +6 (d®+e*x?) Log[d+ex])
+
9e3
d d
if%/2 |Log[d+ex] Log|[1- \E< rex) | +PolyLog|2, \/E( rex) -
CtevF dvE i eT dvE
d d
i 32 |Log[d + e x] Log[l——\/g( +ex> ]+PolyLog[2, —\/E( +ex) ] ]]
ievf +dg ievf +dg

Problem 262: Result unnecessarily involves imaginary or complex numbers.

dx

sz (a+bLog[c (d+ex)"])

f+gx?

Optimal (type 4, 276 leaves, 13 steps):
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e (VTF-VE
ﬂ_bnx+b(d+eX) Log|c (d+eX>n}+ -f (a+bloglc (d+ex)“])Log[e ,fmrg]_
g g eg 2g3/2
n e [/-f +/g x
-f (a+blog[c (d+ex)"]) Log| N ]
2g3/2

- _ /e (drex) Nars g (drex)

b~/-f nPolyLog|2, e\/j—d@} b~/-f nPolylLog|2, eﬁm\/E]
2g32 2g32

Result (type 4, 287 leaves):
x (a+b (-nLog[d+ex] +Log[c (d+ex)"]))
g
\/?Ar‘cTan[ﬁﬁ—x] (a+b (-nLog[d+ex] +Log[c (d+ex)"]))

+

g3/2

b (d+ex) (-1+Log[d+ex]) 1
n _
eg 2g3/2
d d
i+Vf |Logld+ex] Log[l, \/E< +ex) ]+P01yLog[2, \/E( +ex> .
~ief +dg _ieF +dg
d d
i+/f |Log[d+ex] Log[1- M} + PolyLog|2, M
2g3/2 ieVf +dVg ief +dVg

Problem 263: Result unnecessarily involves imaginary or complex numbers.

dx

a+blogfc (d+ex)"]
J f+gx?

Optimal (type 4, 239 leaves, 8steps):

(a+bLog[c (d+ex)"]) Log[%l] (a+bLloglc (d+ex)"]) Log[lﬁtf@x ]
27/-F Vg 2+/-F g
bnPolyLog|2, —j%‘:—”r:] bnPolyLog|2, eﬁjt‘i;—‘exr:]
2+/-f Vg ) 2+/-F Vg

Result (type 4, 209 leaves):
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Vg x
JE

1

2V g

2 ArcTan]| | (a-bnLogld+ex] +bLoglc (d+ex)"]) +

ibn |Log[d +eX]

+

Vg (d+ex) Vg (d+ex)

| ~Log[1- ——————
*jeﬁer\/E ]'le\/?er\E
\/E(d+ex> ]—PolyLog[Z, \/E<d+ex) ]
~ief +dg ieF +dVg

Log[l—

]

Polylog [2,

Problem 264: Result unnecessarily involves imaginary or complex numbers.

dx

a+bloglc (d+ex)"]
j X2 (f+gx?)
Optimal (type 4, 290 leaves, 14 steps):
benlog[x] benlogld+ex] a-+bloglc(d+ex)"]

- - +

df df fx
n e [V-F Ve x . e (VF+VE x
Vg (a+blog[c (d+ex)"]) Log| NEN ] _\/E(a+bLog[c (d+ex)"]) Log| e ]
2 (-F)%? 2 (-6)22
,M)_ g (diex)
b+/g npolylog[2, - ~ B SE% | + b+/g nPolylog[2, “fEldex ]
2 (-F)7 2 (-F)32
Result (type 4, 298 leaves):
ﬁ -2d+/f (a-bnlog[d+ex] +blog[c (d+ex)"]) -
2d\/ExAr‘cTan[ X} (afanog[dJrex] +bLog[c (d+ex)"]) +
I
bn|2+/f (exLlog(x] - (d+ex) Log[d+ex]) -
d d
jd\@x Log[d + e x] Log[17 \/E( +eX) ]+PolyLog[2, \/E( +ex) .
—ie~f +dg _ieF +dg
d d
]'ld\/EX Log[d + e x] Log[l_M} +P01yLog[2, M} }
ief +dg ieVF +dg

Problem 265: Result unnecessarily involves imaginary or complex numbers.

Ja+bLog[c (d+ex)"]

x4 <-F+gx2)

dx

Optimal (type 4, 388 leaves, 17 steps):
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ben be?n be*nlog[x] begnlog[x] be3nlLogld+ex]
- + + - - +
6dfx? 3d?>fx 3d3F d f? 3d3F
begnlogld+ex] a+bLog[c (d+ex>"} g<a+bLog[c (d+ex)”])
- + +
df? 3fx3 2 x
e (vV-f Vg x e (+/-f +/g x
g¥? (a+blog|c (d+ex)"]) Log| e ] 7g3/2 (a+bLloglc (d+ex)"]) Log| NEE ]
2(—'F>5/2 2(7,{;)5/2
3/2 _ /g (drex) 3/2 /g (diex)
bg nPolyLog[Z, eﬁ—d\/?} b g/ nPolyLog[Z, E\/Ter\E}
2 (__F)s/z 2 (__F)S/Z

Result (type 4, 383 leaves):
2f%2 (a-bnlog[d+ex] +blog[c (d+ex)"])

1
6 £5/2

+

x3

6Vf g(a-bnLog[d+ex] +blogf[c (d+ex)"])

X

+

6g3/2Ar‘cTan[\/EX] (a-bnlog[d+ex] +blog[c (d+ex)"]) +
F
6\/?g(exLog[x1—(d+ex) Log[d+ex]) 1

+
dx d3 x3

bn

£3/2 (—dex (d—2ex> +2e3x3 Log[x] -2 (d3+e3x3) Log[d+ex}> "

d d
31 g% |Log[d+ex] Log[1- VE( rex) | + PolyLog 2, VE( +ex) i
~ief +dg _ieF +dVg
d d
3ig3/2 LOg[d+EX] Log{l—M]-FPOlyLOg[Z, M ]
ieVf +dg ievF +dVE

Problem 266: Result unnecessarily involves imaginary or complex numbers.

dx

st (a+bLog[c (d+ex)"])
('F+gxz)2

Optimal (type 4, 417 leaves, 19 steps):
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bdef¥2nArcTan|

}éX
bdnx bnx? ﬁ] bd?nLog[d+ex]
_ . _

2eg? 4 g? 2g°/? <e2f+d2g> 2e?g?

+

2g° (e2f+d?g) 2g2 } 2g® (f+gx? .
N g x }
e~/ -f +d\/?
g’ g’

b f nPolyLog|2, —M] b fnPolyLog|2, M]

bef2nlog[d+ex] Xx*(a+blog|c(d+ex)"]) 2 (a+blog[c(d+ex)"])
+

f(a+blogf[c (d+ex)"]) Log[eegiﬁg ]

f(a+blogf[c (d+ex)"]) Log[e

be?f2nLog[f+gx?] e F-d\e e F+d\E

4g3 (e2f+d2g) g3 g3

Result (type 4, 560 leaves):
1

8 g3
4 2 -bnlL d bL d n
4. g x? (a—anog[d+ex]+bLog[c (d+ex)”}>7 (a nlogl +.§X] +2 og[c( +ex> ” -
+gX

8f (a-bnlogld+ex] +blog[c (d+ex)"]) Log[f+gx?] +

2g (ex (-2d+ex) +2 (d*-e?x?) Log[d+ex])
bn |- +

2

e

.F3/2

2e (7jﬁ+@x) Ar‘cTan[\/\/E_X
.F

/(e =505 (755 )

| +2i+/g (d+ex) Log[d+ex] -

e (\/?+J'l\EX> Log[f + g x?]

Vg x
JE

/((e\/?nld\/E) (F—i g x))-

i 372 2e(\/?_jl\/gx)Ar'cTan[ }—2\/?(d+ex> Log[d+ex] +

e (]'].\/?-%—\/EX) Log[f + g x?]

Vg (d+ex) Vg (d+ex)
] + PolyLog[Z,

—ie~f +dg —ie~f +dg

\/E(d+ex) }+PolyLog[2, \/E<d+ex) }

]'le\/?+d\/g ]ie\/?+d\g

8f

Log[d +ex] Log[1 -

8f |Log[d+ex] Log|[1-

|

Problem 267: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3 (a+bLogfc (d+ex)"])

(-F+gx2)2

Optimal (type 4, 344 leaves, 16 steps):
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bde\/?nAr'cTan[

Vg x
N3 ] _be?fnlog[d+ex] +1° (a+bLogfc (d+ex)"]) .
2g%2 (e f+d?g) 2g? (e2f+d?g) 2g% (f+gx?)

VT E x

| S E
e~/ -f +d/g .

(a+bLoglc (d+ex)””Log[e e ]

(a+bLoglc (d+ex)"]) Log[e

2

2g 2g?

2 g (d+ex }
P e/ FdVg

bezfnLog[f+gx2] anolyLog[Z, —jE;(‘:—ej_gL} anolyLog[
+

+

4 g2 <e2f+d2g) 2g2 2g2

Result (type 4, 488 leaves):
1

8 g?

4f (a-bnlogld+ex] +bLoglc (d+ex)”])

+

f+gx?
4 (a-bnlog[d+ex] +blog|c (d+ex)"]) Log[f+gx?]| +

[F

bn

2ie (\/?+11\/Ex) Ar‘cTan[\/_\/g_X} -2ig (d+ex) Log[d+ex] +
.F

/(e 6] (7 8] -

e (\/?Hix/gx) Log[f + g x?]

iV

2e (\/?—]i\/?X) Ar‘cTan[\/\/E_X] -2+/g (d+ex) Log[d+ex] +
.F

e(jﬁ+@x)Log[f+gx2] /((ex/?ﬂidx/g) (ﬁfj@x))Jr

4

Vg (d+ex) Vg (d+ex)
| +Polylog|2,
—1'19\/?*'(1\/? —1'19\/?+d\/E
Vg (d+ex) ]+ polytog[2, Vg (d+ex) ]
Jie\/?+d\/g Jie\/?+d\/g

Log[d +ex] Log[1 -

4 |Log[d+ex] Log[1-

|

Problem 269: Result unnecessarily involves imaginary or complex numbers.

dx

Ja+bLog[c (d+ex)"]

X (f+gx2>2

Optimal (type 4, 383 leaves, 18 steps):
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bde\/EnAr'cTan[

ﬁ_x} X |
J£ ! be’nlog[d+ex] +a+bLog[c (d+ex)"]

+

232 (e2 f+d?g) 2f (e?f+d?g) 2F (f+gx?)
V-F Vg
Log- %3] (a-bLog[c [d+ex)"]) (a+bLogle (a-ex)"]) rog[ Zo T ]
£2 2 2
e [VF +VE x
(a+blog[c (d+ex)"]) Log| ey dvg ] +beZnLog[wc+gx2} i
2 f2 4f (e2f+d?g)
/g (dex) /g (drex)
bnPolyLog|2, *eﬁ_:ﬁ] 7 bnPolylog|2, eﬁme@] ) bnPolyLog[2, 1+ %]
2 2 2 2 £

Result (type 4, 559 leaves):

a-bnlog[d+ex] +blog[c (d+ex)"] Log[x] (a-bnlLog[d+ex]+blog|c (d+ex)"])
+

2f2+2Ffgx? f2
(a-bnlog[d+ex] +blog[c (d+ex)"]) Log[f+gx?]
22 '
1 ex
——bn |8Log[x] Log[d+ex}fLog[1+—})+
8 f2 d
(\/? 2]'1e(\/?Jri\/Ex)ArcTan[\Ex}—2]1\@(d+ex> Log[d+ex] +
\/?
e(\ﬁﬂix/gx) Log[FJrgxz}J /((e\ﬁfjdx/g) (\F+]'l\/gx)) -
(]'].\/? Ze(\/?—ix/gx) Ar‘cTan[\/\/E_X}—Z\/E(d+ex) Log[d+ex]+e(i\/?+\/gx)
.F

Log[f + g x?] /((e\/?ﬂid@) (\/?—Jix/gx)) - 8 Polylog|2, —7} -

V8 (d+ex> \/E(dJrex)
4 |Log[d +ex] Log[l— ]+PolyLog[2, _
,]iE\/?er\E _ier/f +d\/E
d vV d+
4 |Log[d +ex] Log[lfw]+PolyLog[2J M]
ieVFf +dvg ieVF +d\g

Problem 270: Result unnecessarily involves imaginary or complex numbers.

dx

Ja+bLog[c (d+ex)"]

x3 (f+gx2)2

Optimal (type 4, 460 leaves, 21 steps):
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bdeg3? nAr‘cTan[A%—x}

ben be?nlog[x] be?nlLog[d+ex]
- + - + +
2df?x 2°/2 (e2 f+d?g) 2 d? f2 2d%f2
be’gnlog(d+ex] a-+bloglc(d+ex)"] g(a+blogf[c(d+ex)"])
2f2 (e?f+d?g) 22 x2 22 (f+gx?)
F e
2gLog[—ed—X] (a+bLloglc (d+ex)"]) g (a+blogfc (d+ex)"]) Log[ee 7f+d\g/§x ]
£ ' £
e [\/-F +1/g x
g (a+blogfc (d+ex)"]) Log| =N ] 7be2gnLog[f+gx2] )
f3 42 (e2f+d’g)
)[é d+e x yé d+e x X
bgnPolylog|2, 7e\/jfde\/?] ) bgnPolylog|2, eﬁme@} ) 2bgnPolylog|2, 1+ %}
.F3 ‘F3 .F3

Result (type 4, 631 leaves):
1

8 3
4f (a-bnlog(d+ex] +blog[c (d+ex)"|) 4fg(a-bnlogld+ex]+blogfc (d+ex)"])
x? f+gx?

16glog[x] (a-bnlog[d+ex] +blog[c (d+ex)"]) +
8g(a-bnlogld+ex] +blog[c (d+ex)"]) Log[f+gx?] +

. 4f (dex+e?x?Log[x] + (d>-e*x?) Log[d+ex])
" d? x? '
\/? , FX .
g 2e(—1\/?+@x) ArcTan | ] +2i+g (d+ex) Log[d+ex] -
\/?
e (VF +ig x) Log[f+gx’] /((eﬁfjd@) (VF +ie %)) +
if g Ze(ﬁ—j\/gx)Ar‘cTan[ X]—Z\/E(dJrex) Log[d+ex] +
NE
e(j\/?Jr\/Ex) Log[f + g x?] J/((e\/?ﬂidx/g) (\/?—j\/gx)) -
16¢g (Log[x} (Log[d+ex] —Log[1+ edix}] —PolyLog[Z, —eCTX]) +
8g |Logld+ex] Log[1l- Vg (drex] | +PolyLog|2, Ve (drex)
—Jie\/?+d\/g —Jie\/?+d\/E
8g |Logld+ex] Log[1l- M} +Polylog|2, M} J
]'le\/?+d\E J'le\/?+d@
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Problem 271: Result unnecessarily involves imaginary or complex numbers.
Jx“ (a+blog[c (d+ex)"])

<F+gx2)2

dx

Optimal (type 4, 534 leaves, 31 steps):
ax bnx befnlog[d+ex]

befnlog[d+ex]
gZ

g’ _4(e\/7-d\/E) 35/2+4(e\/7+d@) g*’?

b(d+ex) Loglc (d+ex)"| f(a+blog[c(d+ex)"])

+

+f (a+bLogfc (d+ex)"])
eg? 4g52 (\/———\/Ex) 4.g5/2 (\/?+\/Ex)

e (+/-F -\/g x

be'FnLog[ s /_g x] 3+ -F <a+bLog[c (d+ex>“]) Log[ e Ve }
4

4(e\/—F +d\/g)g5/2 4g°2

e [+/-F +/g x
befnLog[V-f +Vg x| 3V-f (a+blogfc (d+ex)"]) Log| eV F-avE ]
4(e\/—'F —d\/E) g°/? 4.g°/2

3b~/-f nPolylog|2, - M}

_ Vg (d+ex)
N 3b~/-f nPolylog|2, ]

N e/ F1dg
i g5/2

4 g5/2

Result (type 4, 564 leaves):
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o= 8/g x (a-bnLog[d+ex] +blog[c (d+ex)"]) +
8g

4f~/g x (a-bnlog[d+ex] +blog[c (d+ex)"])

f+gx?

12+/f ArcTan| X] (a-bnlog[d+ex] +blog[c (d+ex)"]) +

F
8+\/g (d+ex) (-1+Logl[d+ex])

e

Vg x
JE

/([e 10w

bn f

+

e (\FJr]'l\/EX) ArcTan|

2+/g (d+ex) Log[d+ex] +ie (\/?H'm/gx) Log[f + g x?]

fl2e (ﬁfjx/gx) Ar‘cTan[\/\/E_X] -2+/g (d+ex) Log[d+ex] +
.F

/(e <505 (755 ) -

o 105 )

e (J‘L\F+\Ex> Log[f + g x?|

d d
6i+Vf |Log[d+ex] Log[lf \/E( +ex) ]+PolyLog[2, \/E( +ex> .
_jex/?+d@ —116\/?+dx/g
d d
6iVF Log[d + e x] Log[l—M}+PolyLog[2, M} ]
ieVf +dg ievVF +dVg

Problem 272: Result unnecessarily involves imaginary or complex numbers.

dx

sz (a+bLog[c (d+ex)"])

(F+gx2)2

Optimal (type 4, 491 leaves, 28 steps):
benLog[d+ex] benLog[d+ex] a+blogfc (d+ex)"]
N

4(e\/7—d\/g)g3/2 4(e\/j+dx/g)g3/2 4g3/2(\/———\/gx)

e [/-F -\/g x
a+blogfc (d+ex)"] +benLog[\/—f -Vg x| . (a+blog[c (d+ex)"]) Log| ey Fdve ]
4.g32 (\/T+\/Ex) 4(e\/?+d\/g)g3/2 4~ -f g3

e [/ -Ff +/g x
benLog[vV-F + Vg x| ) (a+blog[c (d+ex)"]) Log| NP ]
4(e\/77dx/g) g3/2 4~/ -f g32
bnPolylog|2, —M] bnPolylog|2, M]

eV FaveE ) e FidE
4\/jg3/2 4\/Tg3/2

Result (type 4, 503 leaves):
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1 4+/g x (a-bnlog[d+ex] +blog[c (d+ex)"])
8 g3/? f+gx?

+

4Ar‘cTan[€;f—x] (a-bnlog[d+ex] +blogfc(d+ex)"])
F

26 (V7 1l ) arctan [ YE2] 205 (00 ex) Lopta e
.F

e [-iVF VE ¥ Log[ﬂgqu/ ([evF -idavg) (VF+ive x]] +

+

bn

2e (ﬁfjx/gx) ArcTan[\/\EﬁX] -2+/g (d+ex) Log[d+ex] +
.F

e (1'1\/?+\/Ex) Log[f + g x?]

J((eVFridve) (VF-ive x)) -

VE
d d
21i |Log[d+ex] Log[17 \/?( +EX> ]+p01yLog[2’ \/E( +ex> )
7je\/?+d\/E —]'le\/?er\ﬁg
d d
1 21 |Log[d+ex] Log[l—M]+polyLog[2, M] J
v ieVF +d\g N

Problem 273: Result unnecessarily involves imaginary or complex numbers.

dx

Ja+bLog[c (d+ex)"]
(-F+gx2)2
Optimal (type 4, 503 leaves, 18 steps):

benlog[d+ex] benlLlog[d+ex] a+bLog[c d+ex "]

4-F(ex/7+dx@)\/E+4(e(—f>3/2+df@)\/g_4f@( —F - g x|

+

n e [/ -Ff -\/g x
a+blog[c(d+ex)"] benlog[+/-f -+/g x] (a+bLog[c (d+ex)"]) Log| ey FedvE ]
4f\/§(\/7+\/gx) 4f(e\/j+dx/g)\/g 4 (-F)?2g

n e (\/-f +\/g x
benLog[V-f ++/g x| . (a+bLog[c (d+ex)"]) Log| eV F Ve ]
4(e(-f)*?+dfVg | Ve 4 (-fF)¥*g
bnPolylog|2, —M] bnPolylog|2, M]
eV F-dvg e FidE
4 (-F)**g 4 (-fF)**~/g

Result (type 4, 511 leaves):
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1 4+/f x (a-bnlog(d+ex] +bloglc (d+ex)"])
8 3/2 f+gx?

+

4Ar‘cTan[€;f—x] (a-bnlog[d+ex] +blogc (d+ex)"])

1
Ve Ve
bn (\/? —Ze(\/?Jrj\Ex)Ar‘cTan[ X}+2\E(d+ex> Log[d+ex] +
\/?
je(ﬁ+j\/gx)Log[-F+gx2] /((eﬁ—jd\/g) (\/?JJL\EX))—
VE |2 i Ve x
e(\/?—l gx)Ar‘cTan[ | -2+g (d+ex) Log[d+ex] +
\/?
e(i\/?+\/EX)LOg{'F+gx2] /((ex/?ﬂidx/g) (F—i gx))+
2i |Log[d+ex] Log[1- Ve (drex) | +PolyLog|2, Ve (drex) _
7je\/?+d\/E —J'le\/?er\/E
21 [Log[d+ex] Log[l— M} +PolyLog[2, M}
jeﬁ+dx/§ ]ie\/?+d\g

Problem 274: Result unnecessarily involves imaginary or complex numbers.

dx

Ja+bLog[c (d+ex)"]

x? (f+gx?)?

Optimal (type 4, 560 leaves, 32 steps):
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benlog[x] benlLog[d+ex] be\/EnLog[d+ex} be\/EnLog[d+ex}

d £2 d £ 42 (eV/-F +d /g | 41°(e(—1°)3/2+df\/§)_
a+blogfc (d+ex)"] +\E (a+bLog[c (d+ex)"]) i Vg (a+bloglc (d+ex)"]) .
i x 4 (VF g A a8 (F Ve

be+/g nLog[V/-f -g x] 3\/g (a+blogfc (drex)"]) Log[eeT;E ]

4% [eV/-F +d /g | 4 (-f)2

e g nog[VF g x] 3V [2+brogle(arex]]) og[ ]

+

4f (e (-f)*?+df g | 4 (-F)>7?

3b PolvL 2,_M 3b PolvL 2,_\@&
\/En OyOg[ e\/j—d\/E]7 \/En OyOg[ e\/Ter\E}

4(—-F)5/2 4(—-F)5/2

Result (type 4, 593 leaves):
1 8Vf (a-bnlog[d+ex] +bLog[c (d+ex)"])

8 .F5/2

X

4ﬁgx(a—anog[d+ex] +blog[c (d+ex)"])

f+gx?
12\/EAr‘cTan[\/Ex] (a-bnlogld+ex] +blog[c (d+ex)"]) +
i
) 8\/?(exLog[x]—(d+ex) Log[d+ex])
n _
d x
. Vg x
NF Vg 72e(ﬁ+]m/gx) ArcTan | T | +2+/g (d+ex) Log[d+ex] +
.F

je(\/?+j\/EX)Log[-F+gx2] /((e\ﬁ—jd\/g) (\/?Jrfl\EX))Jr

[\/?\/E (2e (\/?—Jix/gx) Ar‘cTan[\/\/—g_x} -2+/g (d+ex) Log[d+ex] +
<F

e(il\/?Jr\/Ex)Logﬁhgxz] /((eﬁﬂidx/g) (F—ix/gx))—

6ie |Logld+ex] Log[l— \/E(dJreX) ]+PolyLog[2, \E(d+ex> +
_1'19\/?+d\/§ _je\/?+d\/g

61'1\/E Log[d + e x] Log[l— } +PolyLog[2,

]'le\/?+d\E ]'le\/?+d\5}

|
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Problem 275: Attempted integration timed out after 120 seconds.

a+blogfc (d+ex)"]

A2 + g x?

Optimal (type 4, 326 leaves, 10 steps):

dx

xjixj

Arcsinh|

2 bnAr‘cSinh[@] Log[1+M]
vz avg reie

b nAr‘cSinh[%]

2g _ Ve

Arcsinh| J ixj

. g 2 ee 2 _/é
bnArcSinh| ﬁx} Log[1+ j ;JW] ArcSinh]| ﬁx] (a+blog[c (d+ex)"])
+

Ve Ve
bnPolyLog|2, ,ﬂ} bnPolylog|2, 7&}
RISt - dvg +/2etrd? g
‘e V&
Result (type 1, 1leaves):

2?7

Problem 276: Attempted integration timed out after 120 seconds.

a+blogfc (d+ex)"]

N Frgx?

Optimal (type 4, 506 leaves, 11 steps):

dx
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ArcSinh| \‘JEX]
bVEn |1+ 8% Arcsinh[YEX]% b/f n_ |1+ 8 Arcsinh[YEX] Logf1+ ee— 1 VF
n + 5 rcSin [ﬁ] £ [F} 8[ e ez-F+d2g]

2 \frgxt ofeex
: secsion[+£2]
b\/?n\/EAr‘cSinh[ﬂﬁ—x} Log[1+ :ZEJﬁ]
.
Ve [frex

VE 1082 ArcSinh[%c—x] (a+blog[c(d+ex)"])

\g ~/f+gx?

ArcSinh| Vix] Arcsinh| V“ix ]
b\/?n\/zpﬂymgz S bﬁn\/hjpolyLogz Lee It F
f [ ' d\/?*\/m} f [ ’ d\/?ﬂ/m}
Ve lfee Ve ffien

Result (type 1, 1leaves):

2P

Problem 277: Attempted integration timed out after 120 seconds.

dx

Ja+bLog[c (d+ex)"]

V2-gx V2+gx

Optimal (type 4, 278 leaves, 9 steps):

X 2 J:Arcsin[%]
ib nAr‘cSin[gzl]z bn Ar‘cSm[gzl} Log[1+ 7}1(1:7‘;/@}

2g g

b nArcSin [ Ezl} Log [1 . ZQGMFCSW%]

idym} +Ar‘cSin[‘gzl] (a+bLog[c (d+ex)"])

g g

i Arcsin| £
e 2

+

nAr‘cSin[ﬂ]
janolyLog[Z, - —2¢ € ’

idg-+/4e?-d*g?

g g

} janolyLog[Z, - —2e

idgs/4e2-d?g? }

Result (type 1, 1leaves):

???
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Problem 278: Attempted integration timed out after 120 seconds.

dx

Ja+bLog[c (d+ex)"]

VE-gx Jf+gx

Optimal (type 4, 510leaves, 11 steps):

i Arcsin| ]
i 1.2 in[£2]2 bfn [1- X Arcsin[EX] Log[1+ o=
ibfn [1-8 ArcSin| - ] n o Arc in| . ] Log[1+ N ]

2g\/f-gx Vf+rgx g\V/f-gx Vf+gx
nArcSin[&}
1- g# Ar‘c51n Log[ u]
f idg+ e? f2-d? g?

+

gVf-gx Vf+gx

2 2

1- B2 ArcSin| (a+blog|c (d+ex)"
_FZ

gVf-gx Vf+gx

AV‘CSIH[ :] nAr‘cSin[g:]
ibfn [1- &% Polylog[2, -—2<——F | ibfn llfgz%z Polylog[2, - —*&————]
ndg—w/ez f2-d? g2 f idg+\/m
+

gV/f-gx Vf+gx g\V/f-gx Vf+gx

Result (type 1, 1leaves):

e

Problem 279: Result more than twice size of optimal antiderivative.

Optimal (type 4, 24 leaves, 2 steps):

PolyLog[2, 1- e+fx}

2ef

Result (type 4, 89leaves):

f x e
4 ArcTanh | —] (Log[; +x| + Log|
e

4ef e+fx )_

e+fx

X
} ) + 2 PolylLog [2,
e

Log[%+x}

Log[4]+Log[S+x]—2Log[1— ]
.F

2e
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Problem 280: Result more than twice size of optimal antiderivative.

e
o2 _ f2 42

Optimal (type 4, 42 leaves, 4 steps):

Ar‘cTanh[fe—X} Log[2] PolylLog[2, 1- 2]

e+f x
- +

ef 2ef

Result (type 4, 88leaves):

f x e e
4 ArcTanh | —] (Log[erx} + Log| }) -
4ef f

e e+fx
e+fx

Log[%+x}

e f x
Log[4] +Log[;+x] -2Log[1- ?}

+ 2 PolylLog [2, ]

2e

Problem 281: Result more than twice size of optimal antiderivative.
a+b Log[ 2e ]
J\ e+f X dx
e2 _ .FZ XZ
Optimal (type 4, 41leaves, 4 steps):
aAr‘cTanh[%} bPolyLog[Z, 1- 276]

e+f x
+

ef 2ef

Result (type 4, 115leaves):

e 2 e e-fx
-blog[—+x| -2alogle-fx] +2bLog|[—+x] Log| |+
4ef f f 2e
f x e e+fx
4bArcTanh[—] |Log|[~ +x] + Log| || +2aLlog[e+fx] +2bPolylog|2, ]
e f e+fx 2e

Problem 282: Result more than twice size of optimal antiderivative.
a+blog[—=-]
J—e*fx dx
e2 _ f2 2
Optimal (type 4, 47 leaves, 4 steps):
Ar‘cTanh[%‘] (a-blog[2]) bPolylog[2, 1- 2% ]

e+f x
+

ef 2ef

Result (type 4, 114 leaves):

e 2 e e-fx
—bLog[7+x] —2aLog[e—-Fx}+2bLog[f+x} Log[ }+
4ef f f 2e

]

e+fx

f x e
4bAr‘cTanh[f] (Log[; +x] + Log[
e

+2aLog[e+-Fx]+2bPolyLog[2, ]

e+fx 2e
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Problem 293: Result unnecessarily involves imaginary or complex numbers.
Jx7 Log[c +d x]

a+bx?*

dx

Optimal (type 4, 498 leaves, 23 steps):

c3x c? x? cx3 x4  c*log[c+dx] x*Log[c+dx]
- + - - +
4bd> 8bd?> 12bd 16b 4bd* 4b
d -V-a -6V x ] 1/4_p1/4
alog Log[c+dX] 4poe[ L0 X 1 ot s dx
bY/4 ¢/ -+/-a d g[ bl/4 ¢+ (-a)V/4d ] g [ i ]
4 b? 42
{ d -/-a bix } d 1/a, p1/4
alog|- Loglc+dx] 5ol L2 1 Dot 4 d x
bl/4 ¢ /—\/j d g [ bl/4 (-a) 1/4 ¢4 ] g [ + ]
4 b? 4 b?
1/4 1/4
aPolyLog [2’ M);] aPolylLog [2’ _ bY* (crdx)
b1/4 e/ v-a d b4 e/ Va d
4p? 4p?

1/4
aPolvLog |2 _ b (c+dx)
y g[ > pi/a c-(-a)¥/4d ]

4 p?

1/4
aPolyLog |2 _bY® (cxdx)
y g[ 4 bl/“c+(—a)1/“d}

4 b?
Result (type 4, 441 leaves):

1
- -12bc®dx+6bc?d®’x*-4bcd®*x®*+3bd*x*+12bc*Log[c +dx] -
48 b2 d*

‘s . b4 (c +dx)
12bd* x* Log[c+dx] +12ad” Log[c +d x] Log[l—

bl/4 ¢ _ (71> 1/4 al’4d

+

bl/4 (c +d x)

bl/4 ¢ 4 <71>1/4 al’4 d

12 ad*Log[c+dx] Log[1 - | +12ad*Loglc +dx]

bl/4 (C+dx)
bl/4 ¢ _ (71)3/4 al/4 d

pl/4 (C+dx)
bl/4 ¢ _ (_1)1/4 al/4 d

bl/4 (c+dx)

bl/4 ¢ _ (_1> 3/4 al/4d

bl/4 <c+dx)
Log[1- ] +
bl/4 ¢ + (71)3/4 al’4 d
bl/4 <C+dx)
bl/4 ¢+ (_1>1/4 al’4 d "
pl/4 (c+dx)

bl/4 ¢ + (_1> 3/4 al’4 d

| +12ad*Logc+dx] Log[1 -

12 ad*Polylog|2,

| +12ad*PolyLog|2,

12 ad* PolyLog|2,

| +12ad*Polylog|2,

Problem 294: Result unnecessarily involves imaginary or complex numbers.
jx3 Log[c +d x] 4

a+bx*

X

Optimal (type 4, 401 leaves, 18 steps):
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d \/ffbl/hx
LOg[ } Log[c +d x] L d [ (-a)/4_pY/4 x ) )
pl/4 c+\/f d Og[ bl ey (~a) /4 d } og[c+dx]
i +
4b o
[ d \/f+b1/4x } o
Log| - Loglc+dx] |ogf. LR L
bl//“ Cf\/f d . g [ pl/4 (73)1/’4 d ] g [ + } )
4b 0
= 1/4
Polylog [2, M);] PolyLog [2, M}
pl/4 c—\/f d pl/a c+\/f g
+
4b b

2 bY/4 (c+d x) ]
3

b4 c-(-a)¥*d

N
4b 4b

bY/4 (c+d x)
2, ]

bY/4 ¢y (~a)¥/4d

PolyLog| PolyLog|

Result (type 4, 328 leaves):

1 b4 (c +dx) b4 (c+dx)

— |Log[c+dx] Log[1- | +Loglc+dx] Log[1- +
4b bl/4 c _ (71>1/4 al’4 d bl/4 ¢ . (71)1/4 al’4d

pl/4 (c+dx) bl/4 (c+dx)

Log[c +dx] Log|1- e (71)3/4a1/4d} +Log[c+dx] Log[1- b4 c e (~1)¥4alt d ’
bl/4 (C+dx) bl/4 (c+dx>
PolyLog|2, | +Polylog|2, +
bldc (~1)¥4al4d b4 c+ (-1)Y*al/4d
4 (e d] % (e dx
Polylog|2, | +PolyLog|2,
bl/4 ¢ _ (_1>3/4 al/4 d bl/4 ¢ 4+ (_1>3/4 al’4 d

Problem 295: Result unnecessarily involves imaginary or complex numbers.

dx

JLog[c +dx]

X (a+bx4>

Optimal (type 4, 433 leaves, 22 steps):
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d|y-v-a -bY4x
| Log[c+dx] Log| = | Loglc+dx]

dx
C

Log |-

a 4a

) d [\ -V-a +bV4x
d((-a)Y/4-p/4x

Log| - Log[c +dx
Log| RVTY | Log[c+dx] 8 e = 4 ] Logc +dx]

4a 4a
d [ (-a)Y4+b¥/4x b4 (c+dx) bY/* (c+dx)
Log[f / * / ] Log[c +d x] PolyLog[Z, ) } PolyLog[Z, /
b4 c-(-a)¥*d b4 c-n/-/-a d b4 cin/ /a2 d
4a 4a 4a

2 bY/4 (c+d x) ]
3

b4 c-(-a)¥*d

bY/4 (c+d x dx
PolyLog| PolyLog|[2, Q—Lbll,‘,“(_a)l/&d] Polylog[2, 1+ ]
+

43 4a a

Result (type 4, 362 leaves):

1 dx b4 (c+dx)
- —— |-4Log[x] Log[c+dx] +4Log[x] Log[1+ —] +Log[c+dx] Log[1- +
423 c bl/4 ¢ _ (—1)1/4a1/4d

bl/4 (c+dx) pl/4 <c+dx)

L dx] Log[1- L dx] Log[1-
og[c+dx] Og[ bl/d (71>1/4a1/4d] +Loglc+dx] Og[ bl/4 ¢ _ (71)3/4a1/4d !
L d ) bl/4 (C+dx) _d_X
glc+dx] Log[1 | +4PolyLog|2, |+
b1/4C+ (71)3/4a1/4d C
pl/4 <c+dx) bl/4 (c+dx)
Polylog |2, ] +PolyLog|2, ] +
bl/4 ¢ (_1)1/4 al/a g bl/4 ¢+ (-1)1/4 al’4d
5 (c »dx) 54 (c +dx)
PolyLog[Z, ] +PolyLog[2,
bl/4 ¢ _ (_1)3/4 al/4 g bl/d c 4 (_1>3/4 al/4 g

Problem 296: Result unnecessarily involves imaginary or complex numbers.

dx

st Log[c +d x]

a+bx*

Optimal (type 4, 530 leaves, 23 steps):
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d [\ -+/-a -bY4x
V-a Log| | Loglc+dx]

c?log[c+dx] x?>Log[c+dx] bY/4 con/ /22 d

- + - +

2bd 4b 2bd? 2b 432

d [\ -V-a +bY*x

c X x2

\ d [ay¥/ebt/ex] \/-a Log[- Log[c +dx
-a Log[~ 7 — "] Log[c +dx] el N J Log] ]
4 b3/2 - 4 b3/2 *
d [ (-a)l/4+b?/4x \/:PO]. Log |2 b/ (c+d x)

V-a Log|- RYPSRVY | Loglc+dx] yLog|2, N d]

4 b3/2 - 4 bp3/2
vV -a PolylLog|2 _bY (crdx) b4 (c+dx bY/4 (c+d x)

y 8[ N = d} V-a PolyLog[Z, bl/“cf(fa)l/”'d] \V-a PolyLog[Z, bly’/“c+(7a)l//4d]

+ +
4 p3/2 4 b3/2 4 p3/2

Result (type 4, 473 leaves):
1

-————1i|2ivVb cdx-i+b d?x?-2i+/b c?Llogl[c+dx] +
4b3/2d2

b4 (c +dx)

bl/4 c _ (71) 1/4 al’4d

2i+/b d®x?Log[c+dx] -+a d?Log[c+dx] Log[1 -

bl/4 (c +dx)

bl/4 ¢ 4 (71) 1/4 al’4d

Va d?Log[c+dx] Log[1- | ++Va d?Log[c+dx]

b {c+dx) | +Va d?Loglc+dx] Log[1- b7* (c+dx) ] -
1/4 ~ _ (_1)\3/4 J1/4 & & 1/4 _1)\3/4 ;1/4
b4 c- (-1)**al/4d b4 c+ (-1)7*al/4d

pl/a d bl/4 d
(c+dx] -+a d?PolyLog|2, (c+dx) |+
pl/4 ¢ _ (—1)1/4a1/4d bl/4 ¢ + (_1>1/4a1/4d

b4 (c+dx) } E @ PolyLog[Z b4 (c+dx)
pl/4 ¢ - (_1>3/4 al’4 d ’ bl/4 ¢ + (_1>3/4 al/d

Log[1-

Va d?PolylLog|2,

Va d?PolylLog|2,

Problem 297: Result unnecessarily involves imaginary or complex numbers.

dx

Jx Log[c +dx]

a+bx*

Optimal (type 4, 473 leaves, 18 steps):
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d [\ -+/-a -bY4x

Log| ] Loglc+dx] d((-a)Vebi/ix
b4 cin) v/ —a d LOg{ b cr (a) 4 d ] Log[c +dXx]
+ _
4+/-a b 4+/~a /b
{ d \/fml/"x } ) i
Log|- Log[c +dx] d[a)tex
b4 cn/ v a d LOg[ b4 e (-a) 4 d ] Log[c +dXx]
+ _
4+/-a \b 4+/-a b
PolyLog|2 M)—] PolyLog|2 ﬁu_d)q_}
’ b1/4 - /—\/j d - g bl/4 c+ 75 d
42 Vb av"a Vb
Polylog|2, L(C—dx)—] PolyLog[2, —2ricxdx ]

b1/4 c-(-a) 1/4 d bl/"‘ c+(-a) 1/4 d

N
4+/-a /b 4+/~a Vb
Result (type 4, 343 leaves):

1
4+/a b
bY/% (c +dx) bY/% (c +dx)
i |Loglc+dx] Log[1- | +Loglc+dx] Log[1-
bl/4 ¢ _ (_1)1/4 al/4d bl/4 ¢+ <_1>1/4 al’4 d
bY/% (c +dx) b2/* (c +dx)
Log[c +dx] Log|1- - Log[c+dx] Log[1- |+
bl/4 ¢ _ (_1>3/4 al’4 d bl/4 ¢ & (_1>3/4 al’4d

pl/4 (c +d x)

b4 (c +dx)
| +Polylog|2,
bl/4 ¢ _ (71>1/4 al’4 d bl/4 ¢ 4 (71>1/4 al’4 d

bl/4 (C +dx>

PolyLog|2,

pl/4 (C+dx>
| - Polylog|2,
bl/4 ¢ _ (71>3/4 al/4 g bl/4 ¢ 4 (71>3/4 al’4 d

PolyLog|2,

Problem 298: Result unnecessarily involves imaginary or complex numbers.

X

JLog[c +dx] q

x3 (a+bx4)

Optimal (type 4, 537 leaves, 23 steps):
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d |/ -v-a -bY4x
Vb Log| | Loglc+dx]

d d? Log[x] d?Log[c+dx] Log[c+dx] b4 ] v a d
_ N _

- - +
2acx 2ac? 2ac? 2 ax? 4 (-a)3?

A oA/—a +bl/4
d [ (-a)Y/2-b/%x \/FLog[’d i
| Loglc+dx] =

4 (-a)3/? 4 (-a)3?

d (-a)Y/4+b/% x b PolyLog[2, bY/4 (c+d x)
Vb Log| | Log[c+dx] [ bl/%de}

4 (-a)3? 4 (-a)3?

Vb Log| | Loglc+dx]

b4 c+ (-a)Y/4d

b1/’4 c-(-a)¥4d

\/FPO]. Log|2 bV (eedx) bY/* (c+d x) b'/* (c+dx)
yLog[2, e = d] Vb PolyLog|2, bmc%;)l/hd} Vb PolyLog|2, bl/"“c+(—a)1/“d}

4(—3)3/2 4(_a)3/2 4<_a>3/2

Result (type 4, 416 leaves):
1 2\/?(CdX+d2x2Log[x]+<c2—d2x2) Log[c+dx])

4 33/2 c2 x2 "
b1/4 d b1/4 d
(c+dx) | +PolyLog|2, (c+dx) I+
bl/4 ¢ _ <_1>1/4a1/4d bl/4 ¢ (—1)1/4a1/4d
bl/4 (c+dx) pl/4 (c+dx>
] +PolyLog[2, -
bl/4 ¢ 4+ <_1>1/4 al/d(d bl/4 ¢ 4+ (_1>1/4 al’4 d
b/ (c+dx) b4 (c+dx)
| +Polylog|2, -
bl/4 ¢ _ (_1>3/4 al’4 d bl/4 ¢ _ (_1>3/4 al’4 d

b1/4 d b1/4 d
(c+dx) | +Polylog|2, (c+dx)

bl/4 ¢ & (71>3/4 al’4 d bl/4 ¢ (71>3/4 al’4 d

iVb |Logl[c+dx] Log[1-

ivb Log[c +dx] Log[l—

iVb |Log[c+dx] Log[1-

iVb |Log[c+dx] Log[1-

Problem 299: Result unnecessarily involves imaginary or complex numbers.

X

x* Log[c +dXx
J glc+ }dl

a+bx?*

Optimal (type 4, 521 leaves, 22 steps):

| 85
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d |+ -vV-a -bY4x
\-V-a Log| | Loglc +dx]
N

x [(c+dx) Log[c+dx] b4 can] 2 d

2, .,
b bd 4b5/4
2 / d [\ -+/—a +bY4x

(-a)l/4 Log[d o) rot | Log[c+dx] -+/-a Log[- | Loglc+dx]

bY/* c+ (-a)¥/*d b4 e/ -v-a d

4b5/4 4b5/4

d _a) /4, p1/4

(-a)Y4 Log[- “L] Loglc+dx]

bl/4 ¢ (-a) 1/4 4
4 b>/4

\/-/~a Polylog[2, —t/tedx 1 ./ /T3 polyLog|2, bY4 (crdx)
[ b4 c-n /-a d} . [ bt/% cin) -/ —a d] B

4b5/4 4b5/4
_a)l/4 polvLog|2 _bY% (cedx) _a)Y4 polyLog |2 Lﬂ(ﬂ)_
(-a) yrog[2, =] (-a) ylog[2, =]
+
4b5/4 4b5/4

Result (type 4, 470 leaves):
1 (_ 1) 3/4
4b%/4d

4 (-1)Y*pM4cra (-1)V bV dx -4 (-1)V* b4 cLogc+dx] -4 (-1)Y* bV dx Log[c+dx] +

bY/4 (c+dx)

bl/4 c _ (_1) 1/4 al’4d

-ial*dLog[c+dx]

ia'*dLloglc+dx] Log[1l-

bl/4 (c+dx) vag, 4y Log 1 bl/4 (c+dx)
bl/4 ¢ . (—1)1/4a1/4d] @ oglerdx] og[ - bl/4 ¢ _ (—1)3/4a1/4d !

bl/4 (c+dx) bl/4 (c+dx)
+1ia'/*dPolyLog|2, | -
bl/4 ¢ + (71)3/4 al’4 d bl/4 ¢ _ (71)1/4 al/4 d

Log[1 -

a'/*dLog[c+dx] Log|1-

b1/4 d
ia'/*dPolylog|2, c+dx) | -
bl/4 ¢ (71) 1/4 j1/4 ¢

pl/4 (c +dx>

b4 (c+dx) L
+a'/*dPolyLog|2,
bl/4 ¢ (_1>3/4 al’4 d bl/4 ¢ 4 (_1>3/4 al’4 d

a/*dPolylog|2,

Problem 300: Result unnecessarily involves imaginary or complex numbers.

dx

sz Log[c +dx]

a+bx*

Optimal (type 4, 497 leaves, 18 steps):
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d[\-vV-a -b¥4x
Log| | Loglc +dx] Log| RPNy | Loglc+dx]
/4 ¢t (-a)l/

bl/ACJr\/fd
+ —
4\/f p3/4 4 (_a>1/4 b3/4
d \/Eerl/“x

Log| - | Loglc +dx]

b4 c-+/-/~a d
4 177\/: b3/4 4 (_a>1/4 b3/4

PolyLog|2, bV (eedx) | PolyLog|2, b (erd) ]

b4 c/ -+/~a d . b4 cin/ +/—a d
4~/ -+/-a b34 44l_ﬂ/_a b3/4

PolyLog|2, b (eedx) | PolyLog|2, b0 (eedx) ]

bY/4c-(-a)¥/*d bY/4 c+ (-a)Y/4d

d((-a 1/4_p1/a

d((- >1/'4+b1/4
Log|- 2 . | Loglc+dx]

bl/4 c-(-a)¥/*d

4(_a)1/4b3/4 4(_a)1/4b3/4

Result (type 4, 357 leaves):
1
4 3l/4 p3/4
b4 (c+dx) b/ (c+dx)
| - Loglc+dx] Log[1-
pl/4 ¢ _ (_1>1/4 al’4 d bl/4 c (_1>1/4 al’4d
b/ (c+dx) | bt/ (c+dx)
| +iLoglc+dx] Log[1- |+
bl/4 ¢ _ (_1>3/4 al’4 d bl/4 c (_1)3/4 al’4d
b4 (c+dx) | - PolyLog[2 b4 (c+dx)
bl/4 ¢ _ (71)1/4 al’4d ’ bl/4 c (71>1/4 al’4d
b4 (c+dx)  polvLos |2 b4 (c+dx)
bl/4 ¢ _ (71)3/4a1/4d] rLroly og[ ’ bl/4 ¢+ <71>3/4a1/4d

(-1)%* |Log[c +dx] Log[1-

iloglc+dx] Log[1l-

PolyLog|2,

i Polylog|2,

Problem 301: Result unnecessarily involves imaginary or complex numbers.
JLog[c+dx] dx

a+bx4

Optimal (type 4, 497 leaves, 18 steps):
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d -+/-a -b¥%x Ve iare
Lo Log[c +dx d [ (-a)¥*-bVex
g[ bY/4 ¢/ -+/—a d } &l : Log[ bY/4 ¢t (-a)Y/4 d } Loglc +dx]
+ _
4(7\/:)3/2 b1/4 4 (_a>3/4b1/4

d|-v-a +bV4x

Log|- | Loglc+dx] |ogf_° (-a)M/44bY/% x L
e Ve Log[- " ey ) Loslerda
4(7ﬁ)3/2b1/4 4 (—a)/4pl/4

Polylog|2 _bY% (cedx) PolylLog|2 _ bY% (cadx)
[ ’ b4 -/ - ~a d] . [ ’ bY/% cin) —+/~a d}

4(_ ,—_a)3/2b1/4 4(_ /—_a>3/2b1/4
PolyLog{Z, b (erdx) ] PolyLog[Z, bV (crdx) ]

bl//“ c-(-a) 1/4 d bl/4 ¢y (-a) 1/4 4

4(73)3/4b1/4 4(7a)3/4b1/4
Result (type 4, 357 leaves):

1 3/4
4 33/4 pl/a <_1>
b4 (c +dx) . b4 (c +dx)
| +iLoglc+dx] Log[1- +
bl/4 ¢ <71>1/4 al/4 (g bl/4 ¢ (71>1/4 al/4d

bl/4 (c+dx) b4 (c+dx)

-iLog[c+dx] Log[1-

Log[c+dx] Log|[1- | - Loglc+dx] Log[1-

bl/4 ¢ _ (71>3/4 al/4 d bl/4 ¢ (71)3/4 al’4 d
b4 (c+dx) b4 (c+dx)
i PolyLog|2, | +1PolyLog|2, |+
bl/4 ¢ _ (_1)1/4 al/4 d bl/4 ¢ + <_1>1/4 al’4 d

pl/4 d bl/4 d
(c+dx) | - polyLog|2, (c+dx)

1
Po yLog[Z, pl/4 ¢ _ (_1)3/4 al’4d bl/4 ¢ + (_1>3/4 al/4d

Problem 302: Result unnecessarily involves imaginary or complex numbers.

dx

jLog[c +dx]

x2 (a+bx4)

Optimal (type 4, 536 leaves, 24 steps):
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d |+ -v-a -bY4x
b4 Log [ | Loglc+dx]
dLog[x] dlLog[c+dx] Log[c+dx] b1/4 cen/ -/ —a d

+ +

5/2
ac ac ax 4(7./773)

d |+ -vV-a +b¥4x

d [ (-a)Y/4-p¥/4x bl/4 | _ L d
bl/4 L L d og| | Loglc+dx]
og[ bY/* c+ (-a) ¥4 d } oglc rdx] - bY/4cn/-v-a d
4(*3)5/4 4(7 /77a )5/2

d((-a)/4pY/4 x

pl/4 PolylLog [2, _ bVt (cxdx)

bl/4 c—(-a)¥/4d b4 c-n/ -+/-a d
4 (—a)5/ 4(_ Ta)S/z

bl/* Log| - | Loglc+dx]

bl/4 POlyLOg [2, 4—)_&/4 crdx } pl/4 b/ (c+d x) 1/4 b'/4 (c+d x)
, PolylLog|2 , b*/“ PolylLog |2 ,
bl/“c+\/ -/ -a d y g[ ’ b1/4 cf(fa)l/md } y g[ ’ bl/4 c+(7a)1/4d }

4(—\/—a)5/2 4 (-a)%/* 4 (—a)5/e

Result (type 4, 412leaves):
1 4a'* (dxLog[x] - (c+dx) Log[c+dx])

435/4 CcX
b1/% (c+dx) b1/% (c+dx)
1
bl/4c- (-1)Y* al/“d] ~Pelytog[2, bl/4c- (-1)Y* al/“d] '
b4 (c+dx) b4 (c +dx)
bt4c+ (-1)%* a1/4d] +poytog(2, bt4c+ (-1)Y*al/4d i
b4 (c +dx) b4 (c +dx)
bl/4 ¢ _ (71)3/4 a1/4d] +PolyLog[2, bl/4 ¢ (71>3/4 al/4 (g !

b4 (c+dx) bolvLog 2 b4 (c+dx)
bl/4c+ (71)3/4a1/4d] +PolyLog|2, bl/4 ¢+ (71)3/4a1/4d

(71>3/4 b4 |Log[c+dx] Log[1 -

<71>3/4 b4 |Log[c +d x] L08[1*

(_1>1/4 b4 [Log[c +dX] Log[l—

(-1)**b* |Log[c+dx] Log[1-

Problem 309: Result unnecessarily involves imaginary or complex numbers.

Log[a+bx
J gl 3 o
C+X7

Optimal (type 4, 247 leaves, 12 steps):

b (vd -v=C x
x (a+bx) Log[a+bx] Vd Logla+bx] Log| avcbvd ]
-—+ - +
c bc 2 (-c)3/?
b (/d +V-c x \-c (atbx) Af-c (atbx)
\/d Logl[a+bx] Log[— Ve ] ) \/?PolyLog[Z, ax/be\/?] 7 ﬁPolyLog[Z, aJTer\/?]

2 (-c)3/? 2 (—c)32 2 (-c)32
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Result (type 4, 205 leaves):

(a+bx) (~1+Logla+bx]) Ji\/d_(Log[a+bX] Log[1- —f<(2:bX ], polylog|2, A@a—bxt})

B a Cfibﬁ aﬁ—ibﬁ +
bc 2c3/2
iVd [Logla+bx] Log[1- a&ibxﬁ] +Polylog|2, a&:bxﬁ])
2c3/2

Problem 310: Result unnecessarily involves imaginary or complex numbers.

dx

st (a+bLogc (d+ex)"])2

f+gx?

Optimal (type 4, 831 leaves, 28 steps):
2abdfnx 2b2dfn2x 2b2d*n?x b2fn?(d+ex)?

+ +
e g2 e g2 elg 4e?g?
3b2d?n? (d+ex)? 2b?dn? (d+ex)® b2n? (d+ex)® b2d4n?Log[d+ex]?
- + +
4e*g 9e*g 32e*g 4e*g

2b%dfn (d+ex) Log[c (d+ex)"] . 2bd*n (d+ex) (a+blogfc (d+ex)"])

+
e2 gZ e4 g

bfn(d+ex)? (a+blogfc (d+ex)"]) ) 3bd?n (d+ex)? (a+bLlog[c (d+ex)"])

+

2e?g? 2etg
2bdn (d+ex)’ (a+blogf[c (d+ex)"]) bn(d+ex)* (a+blogfc (d+ex)"])
3etg 8e*g
bd*nlog[d+ex] (a+blog[c (d+ex)"]) x*(a+blog|c <d+ex)"])2
+ +
2e*g 4g
df (d+ex) (a+blog[c (d+ex)"])* f(d+ex)® (a+blog[c (d+ex)"])?
- +
e? g2 2e2 g2
e (V-f-Vg x e (+/-f +/g x
f2 (a+bLogfc (d+ex)"])? Log| Fave ] f2(a+bloglc (d+ex)"])?Log| = ]
2g3 2g3
bfin (a+blog|c (d+ex)”])PolyLog[2,ijjd;—exr;—}
g’ ’
bf2n (a+blog|c (d+ex)"|) PolyLog|2, e—\%‘z—e’}g—]
g’ 7
b2 £2 2 PolyLog[3, 7;@&] bZFZnZPolyLog[B, M]
eV dvE eV FodvE
g’ 7 g’

Result (type 4, 861 leaves):
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1
288 e g3

144e* fgx* (a-bnlog[d+ex] +bLog|c (d+ex>”}>27

72e*g?x* (a-bnlog[d+ex] +blog|c <d+ex)"”2—
144e*f? (a-bnlog[d+ex] +blog|c (d+ex)”])2Log[f+gx2} +
12bn (a-bnLog[d+ex] +blog[c (d+ex)"])

(12e2fg<ex (2d-ex) -2 (d*-e*x*) Log[d+ex]) +

g’ (ex (-12d>+6d’ex-4de*x*+3e>x*) +12 (d*-e*x*) Log[d+ex]) -

d d
24 e* 2 |Log[d + e x] Log[l— \/E( +ex) }+PolyLog[2, @( +EX) -
~ie/f +dVg ~ienf +dg
d d
24 e* 2 |Log[d + e x] Log[l—M]H’OlyLOg[z: \/E< +EX) ] +b?n?
ief +dg ievf +dg

(72e2fg (ex(-6d+ex) + (6d*+4dex-2e*x*) Log[d+ex] -2 (d*-e*x?) Log[d+ex]?) +

g’ (ex (300d’>-78d*>ex+28de*x*-9e>x?) -12 (25d*+12d*ex-6d*e*x* +
4de*x®-3e*x*) Log[d+ex] +72 (d*-e*x*) Log[d +ex]?) - 144 e* f2

\/E(d+ex) \/E(d+ex)
Log[d+ex]2Log[1- | +2Log[d +ex] PolyLog[2, _
,]’le\/?er\/E *lie\/?+d\/E
d d
2PolyLog|3, Ve [drex) ]| -144e* £ Log[d+ex}2Log[1,M}+
_118\/?+d@ ]-le\/?er\/E
d d
2 Log[d + e x] PolyLog|2, M] ~2Polylog[3, M] ]
Jie\/?+d\/E ie\/?de\/E

Problem 311: Result unnecessarily involves imaginary or complex numbers.

dx

JXB (a+blLogfc (d+ex)”])2

f+gx?

Optimal (type 4, 499 leaves, 21 steps):
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2abdnx 2b>dn?x b?n? (d+ex)?

- + +

eg eg 4e%g
2b2dn (d+ex) Log[c (d+ex)"| bn(d+ex)?(a+blog[c (d+ex)"])

eg 2e?g
d(d+ex) (a+blog[c (d+ex)"|)? (d+ex)®(a+bLog[c (d+ex)"])

+

2

ezg 2e2g
n e [V-F Ve x . e [\VF Vg x
-F(a+bLog[c (d+ex> HZLog[ == ]_f(a+bLog[c <d+ex) ])ZLog[ ——— ]_
2g2 2g2
o1 (a-blog[c (d+ex)"]] Polytog[z, - LEtten ]
gZ
o0 (a+bLog[c (¢~ ex]"]) PolyLog 2, i loex ]
g :
b? f n? PolyLog|3, —M] b2 f n? PolyLog|3, M}
eV-f-dvVeg e F+d\g

2 2

g g
Result (type 4, 635leaves):

2e2gx? (a-bnlogld+ex] +blog[c (d+ex)"])*-

4e2g?

2e’f (a-bnlog[d+ex] +blog|c (d+ex)"])2Log[f+gx2] +

2bn (a-bnlog[d+ex] +blogfc (d+ex)"]) |legx (2d-ex) -2g (d*-e?x?) Log[d +ex] -

R Vg (d+ex) Vg (d+ex)
2e?f |Log[d+ex] Log[1- | +PolyLog|2, -
~ieVf +dg “ievF +d\g
d+ d+
2e’f |Log[d+ex] Log[l—M]+polyLog[2, M] J+
ieVf +dVg ieVf +dVg

b2 n? (g (ex (-6d+ex) + (6d>+4dex-2e*x*) Log[d+ex] -2 (d®-e®>x?) Log[d +ex]?) -

Vg (d+ex) Vg (d+ex)
2e?f |Log[d+ex]?Log|1- | +2Log[d+ex] Polylog|2, -
-ieVf +dvg -ief +dvg
Y d Y, d
2 Polylog|3, g [drex) _2ef Log[d+ex]2Log[1—w]+
-1evVf +dg ief +dvg
Vg (d+ex)

\/E(dJrex)
2Log[d +ex] Polylog|2, | -2pPolylog[3, ————|

ieVf +dg ieVf +dvg

|
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Problem 312: Result unnecessarily involves imaginary or complex numbers.

b n 2
Jx (a+bLog[c (d+ex)"]) ix
f+gx?
Optimal (type 4, 317 leaves, 10 steps):
e (\/-f -\/g x e (\/-Ff +/g x
(a+bLog[c (d+ex)"])?Log| e ] (a+bloglc (d+ex)"])?Log| NEN ]
2g 2g
n _ Vg (drex)
bn(a+bLlog[c (d+ex)"]) PolyLog|2, ex/de\/?] )
g
0 (ablogc (d+ex]"]) Poytog[2, ]
g
b2 n? Polylog|3, —M} b2 n2 Polylog|3, M}
e/ -f -d/g ~ e~/ -F +d/g
g g

Result (type 4, 464 leaves):
1

(a-bnlog[d+ex] +blog|c (d+ex)”])2Log[f+gx2} +
2g

2bn (a-bnlog(d+ex] +bLlogfc (d+ex)"])
Vg (d+ex) Vg (d+ex)
| +Log[1- ————]
~ien/f +dvg ieVFf +dVg
\/E(dJrex) ] + PolyLog 2, \/E(dJrex) ]
~ie/f +dVg ieVf +dVg
Ve (drex) 1 ot extiog[r VB EreX)
~ie/f +dVg ieVf +dVg
Ve (drex) | +2Log[d +ex] PolyLog[Z,M -
~ien/f +dVg ief +dVg
Vg (d+ex) |2 polyLog(3, Vg (d+ex) ] J

—1'19\/?*'(1\/? JiE\/?+d\/E
Problem 313: Result unnecessarily involves imaginary or complex numbers.

Log[d+ex] |Log[1-

Polylog|2,

b? n2 (Log[d+ex}2 Log[1-

2 Log[d +ex] Polylog|2,

2 Polylog|3,

J(a+bLog[c (d+ex)"”2

x (f+gx?)

dx

Optimal (type 4, 397 leaves, 16 steps):
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Log[fe?x} (a+bLogfc (d+ex)"])?
. _
¢ \/T—x/?x e '\/T‘F\EX
(a+bLog[c (d+ex>n”2Log{ W= } ) (a+bLog[c <d+ex>n})2L0g[éml] _
2 f 2f
n _ /g (drex)
bn (a+blog[c (d+ex)"]) PolyLog|2, ex/jfd\/?] _
.F
bn (a+bLlog[c (d+ex)"]) PolyLog|2, M]
eﬁﬁ-d@ N
.F
2bn (a+blogle (d-ex)"]) Polylog[2, 1+ %] b n? Polylog[3, - (A ldex |
f f
b% n? Polylog|3, e—\fifdd—exr)g—] i 2b2n?Polylog[3, 1+ ed—x}
f f

Result (type 4, 584 leaves):
1
2f

-2Llog(x] (a-bnlog[d+ex] +blog|c (d+ex)”])2+ (a-bnlog[d+ex] +blog|c (d+ex)”])2

Log[f+gx*] -2bn (-a+bnlog[d+ex] -blog[c (d+ex)"])

ex Vg (d+ex)
-2 Log[x] Log[d+ex] +2Log[x] Log[1+ —] +Log[d+ex] Log[1- +
d -ief +dvg
Vg (d+ex) ex
Log[d+ex] Log[1- ——————"—] +2PolylLog[2, - — | +
ievVf +dvg d
Y, d \ d
PolyLog[z, g ( +ex> ]+PolyLog[2, w]
-ievVf +dg ievVf +dvVg
\ d
b? n? [ZLog[e—X} Log[d+ex]?+Log[d+ex]?Log|1- g [drex] +
d -ief +dveg
A/ d \ d
Log[d+ex]2Log[17w}+2Log[d+ex] PolyLog[Z, g < +ex) +
ievVf +dvg -ievf +dg
Vg (d+ex) ex
2Log[d+ex] Polylog[2, ————————| -4 Log[d+ex] Polylog[2, 1+ —| -
ievVf +dVg d
Vg (d+ex)

\/E(d+ex) e x
2PolyLog[3, } —2PolyLog[3, _—

| +4PolyLog[3, 1+ —|
~ie~/f +dVg ief +dVg d
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Problem 314: Result unnecessarily involves imaginary or complex numbers.

2

dx

J(a+bLog[c (d+ex)"])

X3 (f+gx?)

Optimal (type 4, 551 leaves, 23 steps):
b2e?n?log[x] ben(d+ex) (a+blog[c(d+ex)"]) (a+bloglc (d+ex)"])?

d? f d? f x 2 f x2

VF g x ]

] (a+blog[c (d+ex)"])? g (a+blogfc (d+ex>n”2|'°g[ee Fdg

ex
d +

f2 2 f2
VT g x ]
e F dvg 0
2 f2 d? f
3{@ (d+e x) }
eV F -dVg

glog|-

g (a+blogfc (d+ex)n})2LOg[e be?n (a+blog[c (d+ex)"]) Log[1- 2]

d+e x

b? e n? PolyLog|2, d+dex] bgn (a+blog[c (d+ex)"]) PolyLog[2, -

&£ £2

bgn (a-bLog[c (d-ex)"]] PolyLog[z, Ltten]

.FZ

_ jé (d+e x) ]
eV F dg

2bgn (a+blog[c (d+ex)"|) PolyLog[2, 1+ ed—x} b? g n? Polylog|3,

.FZ f:2

b2 g n? PolyLog [3, M}
e/ +d\g

.FZ .f:2

2b2gn?Polylog|3, 1+ ed—x]
N

Result (type 4, 801 leaves):
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1
2.d2 £2 x2

d?f (afanog[d+ex} +bLog[c (d+ex)”])2+

2d*gx*Log[x] (a-bnlog[d+ex]+blog|c (d+ex)"])2—

d*gx* (a-bnlog[d+ex] +blog|c <d+ex)”})2Log[-F+gx2} +2bn

(a-bnlog[d+ex] +blog[c (d+ex)"]) |f (dex+e’x?Log[x] + (d*-e’x?) Log[d+ex]) +

Log(d+ex] - Log[1+ ed—x}) “Polylog[2, _ed_x]

2d? gx? |Log[x] -

d d
d* g x* (Log[dJrex] Log[1- Ve (drex) | +Polylog|2, Ve [drex] -
—ie~f +dg —ie~f +dg
d d
d? g x? (Log[d+ex] Log[l—M}+PolyLog[2, M} N
ieVf +dVg ief +dg

b2 n?

f (Zezszog[fed—X] (-1+Log[d+ex]) + (d+ex) Log[d +ex]

(2ex+ (d-ex) Log[d+ex]) +2e?x*Polylog|2, 1+ﬂ]] -d?gx?
d

Vg (d+ex) Vg (d+ex)
Log[d +ex]?Log[1 - | +2Log[d+ex] PolyLog|2, -
-ievf +dg -ievf +dr/g
Y, d \ d
2 Polylog|3, g [drex) || -d?gx? Log[d+ex]2Log[1—M}+
-ievf +dg ievVf +dvg
\ d Y, d
2 Log[d +ex] PolyLog|2, M] - 2Polylog|3, M] +2d2gx?
ievVf +dvg ievVf +dvg

e x X e x e x
(Log[—T] Log[d+ex]?+2Log[d+ex] PolyLog|2, 1+ 7] - 2Polylog|3, 1+ 7])

Problem 315: Result unnecessarily involves imaginary or complex numbers.

dx

Jx“ (a+bLog|c (d+ex)”])2

f+gx?

Optimal (type 4, 701 leaves, 23 steps):
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2abfnx 2b2fnfx 2b2d?n?x bzdr12(d+ex)2 2b2n2(d+ex)3 b2 d®n2 Log[d + e x] 2
- + - + - +

g g’

2b*fn (d+ex) Log[c (d+ex)"] 2bd*n(d+ex) (a+blog[c (d+ex)"])

2 e’g 2e3g 27e3g 3e3g

.
eg? e3g

bdn (d+ex)® (a+bLog[c (d+ex)"]) ~2bn (d+ex)® (a+bLog[c (d+ex)"])

e’g 9e3g :
2bd®nlog[d+ex] (a+blog[c (d+ex)"]) x*(a+blog|c (d+ex)”])2
N _

3e3g 3g

eﬁ—x@x]

2 (-f)*? (a+bLog[c (d+ex)"])?Log| =

f(d+ex) (a+bloglc (d+ex)"])

+
e g? 2g5/2
e [/ -F +\/g x ]

(-F)?*? (a+bLog[c (d+ex)"])? Log| NEN

2 g5/2

b (-f)**n (a+blogfc (d+ex)"]) PolyLog|2, —ﬁ—(—Le ,fd,;ej?}

5/2
g

b (—-F)3/2n (a+bLog[c (d+ex)"]) PolyLog|2, j%_ft—ej_:]

N
gs/2
2 [ 3/2 2 _ yé (d+e x) 2 (_ 3/2 2 3{& (d+e x)
b? (-f)>? n? PolyLog|3, eﬁidﬁ] b? (-f)>'?n? PolyLog|3, eﬁmﬁ]
g5/2 g5/2

Result (type 4, 816 leaves):
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1

Ry -54e*f+/g x (a-bnlog[d+ex] +bLog|c (d+ex)“])2+
€ g

18 e3 g¥/2 x3 (a_anog[d+eX] +bLOg[C (d’feX)n”ZJ'

*] (a-bnLog[d+ex] +bLog[c (drex)"])?
VE

54 * £3/2 ArcTan |

6bn(a-bnLlog(d+ex] +bLog[c (d+ex)"]) |-18e’f~/g (d+ex) (-1+Log[d+ex]) +

g% (ex (-6d*+3dex-2e*x*) +6 (d*+e’x?) Log[d+ex]) +

d d
9ie®f*? |Log[d+ex] Log[1l- \/E( rex) | +Polylog|2, Ve | +ex) _
~ief +dVg —ief +dVg
d d
9ie®f*? |Log[d+ex] Log[1l- M} +PolylLog|2, M}
ieVf +dVg ieVf +dg
i b%n? 54je2f\/E(d+ex) (2-2Log[d+ex] +Log[d+ex]?) +

ig*? (ex (-66d*+15dex-4e’x*) +6 (11d*+6d*ex-3de*x*+2¢e>x*) Log[d+ex] -

d
18 (d* +e®x?) Log[d +ex]?) +27 e’ 32 | Log[d + e x]? Log[1 - Ve (drex) ] +
~ievf +dVg
d d
2Log[d+ex] PolyLog|2, Ve (d+ex] | - 2PolyLog|3, Vg (d+ex) 1B
~ie/f +dVg _ievF +dg
d
27607 [Logla - ex)?tog[1- ] 5 L0g(a . ex)
]'16\/?+d\ﬁg
d d
PolyLog|2, M] - 2Polylog|3, M] J
ieVf +dg ieE +dg

Problem 316: Result unnecessarily involves imaginary or complex numbers.

dx

sz (a+bLogc (d+ex)”])2

f+gx?

Optimal (type 4, 447 leaves, 16 steps):
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2abnx 2b2n?x 2b%*n (d+ex) Log|c (d+ex)"]
_ N _

g g eg

VT (a-bogle (avex)?) | og * e

+

(d+ex) (a+blog|c (d+ex)””2
N
eg 2g3/2

e (V- +\/g x
V-f (a+blog[c (d+ex)"])” Log| e/ F-dvg ]

2g3/2

o=F n (a+bLog[c (d+ex)"]) Polytog[2, - A ieen ]

3/2
g

\g (d+ex ]

b+/-f n (a+bloglc (d+ex)"]) Polylog[2, ~E T

3/2
g

b>+/-f n2PolyLog[3, - deex b>+/-f n2PolyLog[3 deex
o reiyion[3, - L] U wraytog)s, E e

3/2 3/2
g g

+

Result (type 4, 614 leaves):

2

! e\/gx(a—anog[d+ex]+bLog[c (d+ex>"}) -

e g3/2

e\/?Ar‘cTan[\/\/E_X] (a-bnlog[d+ex] +blog|c (d+ex)”])2+
.F

ibn(a-bnLlog(d+ex]+bloglc(d+ex)"|) |-2i+g (d+ex) (-1+Log[d+ex]) -

+

Vg (d+ex) Vg (d+ex)
| +PolylLog|2,
-ieVf +dvg -ief +dvg

Vg (d+ex) Vg (d+ex)
————————] +Polylog[2, — "]
ief +dVg ief +dg

ef

Log[d+ex] Log|1-

e

Log[d+ex] Log|1-

Vg (d+ex) (2-2Log[d+ex] +Log[d+ex]?) 7lje\/?

b2 n?
2

\E(d+ex) \/E(dﬂax)

| +2Log[d+ex] Polylog|2, -
Cied/F odifE i evF ravE
\/E(d+ex) }
~ie/f +dVg ieVF +dg

\/E(d+ex) }—2PolyLog[3, \/E(d+ex) }J ]
]le\/?+d\/g jex/?+d\/g

(Log[d+ex]2 Log[1 -

d
Ve (d-ex] Log[d+ex]?Log[1-

1
+71'1e\/?

2

2 Polylog|3,

2Llog[d +ex] PolyLog[z,
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Problem 317: Result unnecessarily involves imaginary or complex numbers.

+b + n1)2
J(a Log[c (d+ex)"]) i
f+gx?
Optimal (type 4, 371 leaves, 10 steps):
n e (VFf e x " e [V F /g x
(a+bLog[c (d+ex)"])?Log| e ] ) (a+bLog[c (d+ex)"])?Log| e ] )
2/-f g 2~/-f Vg
bn (a+blogf[c (d+ex)"]) PolyLog|2, —ﬁé:—e\’%] )
Vg
bn(a+bLlog[c (d+ex)"]) PolyLog|2, j%‘:—”r:]
V-f g
b2 n? PolyLog|3, fm} b2 n? Polylog|3, M}
e -f -dg - e/ -f +d/g
VFE VFE
Result (type 4, 485leaves):
! Ar‘cTan[\/Ex] (a-bnlog[d+ex] +blog|c (d+ex)”])2+
3 F
ibn (a-bnLog[d+ex] +blogf[c (d+ex)"])
d d
Log[d+ex] |Log[1- Ve (d-ex] ]7Log[1fM +
~ief +dVg ieVf +dVg
d d
PolyLog[Z, \/E( +ex) ]—PolyLog[Z,M
e avE e T dE
d d
1J'lbzn2 Log[d+ex]?Log[1- Vg (drex] ]7Log[d+ex]2Log[1fM +
2 —ieF +dg ieVf +dVg
\/E<d+ex) \/E<d+ex)
2Log[d+ex] PolyLog[Z, } -2Log[d+ex] PolyLog[Z, —] -
CievF <dvE LeNF dvE
Vg (d+ex) Vg (d+ex)

2 Polylog|3,

| +2PolyLog|3,

—ie~f +dg J'leﬁer\/E]

|

Problem 318: Result unnecessarily involves imaginary or complex numbers.

dx

j(a+bLog[c (d+ex)”})2

x2 (f+gx?)

Optimal (type 4, 461 leaves, 15 steps):
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2benLog[—%] (a+bloglc (d+ex)"])

df
2 e (+/-F /g x
(d+ex) (a+bloglc (d+ex)"])? . Vg (a+bloglc (d+ex)"])” Log] eV FavE ]
dfx 9 (71;)3/2
e (VF e %)
Vg (a+blogc (d+ex)””2Log[ NP ]
2 (-f)*2
b+/g n(a+blog[c (d+ex)"]) PolyLog|2, —e—\%c:—e"r)g—]
(-fF)?2 B
b+/g n(a+blog[c (d+ex)"]) PolyLog|2, j%‘i;—e\%—} 2b%en?Polylog|2, 1+ °X] +
(—‘F>3/2 df
2 2 _ /g (drex) 2 2 Vg (d+ex)
b2+/g n PolyLog[3, ex/de\/E} b2+/g n PolyLog[3, eﬁmﬁ]
(__F)3/2 - (__F>3/2

Result (type 4, 654 leaves):
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1

Tars -2d+/f (a-bnlog[d+ex] +blog[c (d+ex)”])27

*] (a-bnLogld+ex] -bLog[c (d+ex)"])?+

\/?

2d+/g xArcTan|

2bn (a-bnlog(d+ex] +bLloglc (d+ex)"]) 2/ F (exLog[x] - (d+ex) Log[d+ex]) -

d d
Jid\/EX(Log[d+ex} Log[1- Ve (drex) | +PolyLog|2, Ve [d+ex] N
~ief +dVg _ie~F +dg
d+ d+
id/g x (Log[d+ex} Log[l— M} +p0]_y|_og[2, M} N
ieVf +dvg ieVF +dVg

e
b2 n? (Zx/f (ZexLog[——X} Log(d+ex] - (d+ex) Log[d+ex]?+2exPolylLog[2, 1+ e_x]) -
d d

d
id~/g x |Log[d+ex]?Log[1- \/E< rex) |+
—ie~f +dg
Vg (d+ex) Vg (d+ex)
2Log[d+ex] PolyLog|2, | - 2PolyLog|3, +
~ief +dVg “ief +dVg
d
id+/g x Log[d+ex}2Log[1—M]+2Log[d+ex]
ieVf +dVg
d d
PolyLog{Z, M]—ZPolyLog{B, M] J
ief +dg ief +dg

Problem 319: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bLog[c (d+ex>”})2

x4 (f+gx2)

Optimal (type 4, 694 leaves, 26 steps):
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b2e?n? b?e3>n?Log[x] b?e3*n?Logld+ex]

3dFx & f i 3d3F

ben (a+blog[c (d+ex)"]) 2be?n(d+ex) (a+blog[c (d+ex)"])
3dfx? ' 3d°fx

2begnLog[—ed—X} (a+bLlog[c (d+ex)"]) (a+bLog[c (d+ex)"])?

- +

d £2 33

VTF g X
g (d+ex) (a+blog[c (d+ex ey Fodvg ]
N -

df2x 2(__,:)5/2

j1))2 & (arbloglc (drex)])” Log[

N ]
eV F dvg
2 (7{;)5/2 3d3‘F

g¥? (a+bLog|c (d+ex)”])2Log[e

2be*n (a+blogfc (d+ex)"]) Log[1- d_]

d+e x

2 b2 @3 n2 PolyLog[Z, dix] bg¥2n <a+bLog[c (d+ex)”]) PolyLog[z, 7ﬁe\/7(d,;e\% ]

3d3.F - (__F)S/Z -
bg*2n (a+blog[c (d+ex)"]|) PolyLog|2, :E:c(‘i;—”r)g—} 2b%e gn?Polylog[2, 1+ 2]
(7{;)5/2 - d.Fz "
2 53/2 2 _ Vg (d+ex) 2 53/2 12 \g (drex)
b? g>/2 n? PolyLog|3, eﬁfdﬁ] b% g3/2 n? PolyLog|3, e\/Ter\E}
(7{;)5/2 - (—‘F)S/Z

Result (type 4, 886 leaves):
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1

e -2d®f*? (a-bnlog[d+ex] +blog|c <d+ex)“})2+
6d> /4 x

6d>+/f gx? (a-bnlog[d+ex] +blog[c (d+ex)"])?+

Vg x
N

6 d> g*/2 x® ArcTan | | (a-bnLogld+ex] +blog|c (d+ex)””2+2ibn

(a-bnlog[d+ex] +blog[c (d+ex)"]) 6id>\/f gx? (exLlog(x] - (d+ex) Log[d+ex]) +

132 (dex (d-2ex) -2e3x? Log[x] +2 (d®+e*x’) Log[d+ex]) +

d d
3d3g¥2x3 [Log[d+ex] Log[1- \/E( +ex) ] + PolyLog|2, \/E( +ex) J_
CieVfdVe ieVF cdVE
d d
33832 %3 |Log[d +ex] Log[l_M]+polyLog[zJ Ve (drex] )
Jie\/?+d\/E ie\/?J“d\/E

e
b2 n? (6d2\/f g x? 2exLog[——X} Log(d+ex] - (d+ex) Log[d+ex]?+
d

2exPolylog[2, 1+ e(TX]) -2f32 |33 Log[—e(TX] (-3+2Log[d+ex]) -

(d+ex) (e?x*+ex (d-3ex) Log[d+ex] + (d>-dex+e*x*) Log[d+ex]?) +

d
2e3x3PolyLog[2,1+e_X])_3]-ld3g3/2x3 LOg[d+ex]2Log[1_ \/E( +ex) N
‘ ieF rdve
d d
2Log[d +ex] Polylog|2, Ve (d+ex] | - 2pPolyLog[3, Vg (d+ex) 1],
_JiE\/?+d\/E _j-e\/?+d\/g
d
31d3g¥2x3 Log[d+ex]2Log{1_M .
J'le\/?+d\/g
d d
2Log[d +ex] Polylog|2, M} ~2Polylog|3, M}] ]
ievVf +dg ief +dg

Problem 320: Result unnecessarily involves imaginary or complex numbers.

dx

st (a+bLogc (d+ex)"])2

('F+gX2>2

Optimal (type 4, 936 leaves, 34 steps):
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2abdnx 2b>dn?x b?n? (d+ex)?
- + +

eg? eg? 42 g?
2b2dn (d+ex) Log[c (d+ex)"| bn(d+ex)?(a+blog[c (d+ex)"])

e2g2 2e2g2 *
e?f? (a+blog[c (d+ex)"])? d(d+ex) (a+bLog[c (d+ex)"])

- +

2g3 (ezf+d2g) e? g2

2

(d+ex)® (a+blog[c (d+ex)"])* 2 (a+blog[c (d+ex)"])?

2e2g? 2g (f+gx?)

bef(ef+dﬁ\/§) n (a+bLog{c (d+ex)”}> Log[ﬂ%@l]

2g3 (e2f+d2g)
e [/ -F -\/g x
e 7‘F+d\/E]7 1

g3 2¢3 (e2f+d2g)

e (\/JF +\/EX)

eV/-f -dVg

f (a+bLog[c (d+ex)"”2Log[

be (-f)*? (e\/Ter\/E) n(a+blog[c (d+ex)"]) Log|

VT e x ]

-F<a+bL0g[C (d+ex>n”2|‘°g[e f-dVg
e+ -f - g

g3

b2e (-F)>? (e\/j+dx/g) n? Polylog|2, ——\@—)—Eﬁ:ejg]

2¢3 (eZ-FerZg)

261 (a+bLog[c (4 ex)"]) Polylog|2, - LElmex ]

3

8

b2e (—-F)3/2 (e\/fifd@) n? Polylog|2, JE—(—LeﬁdeX?}

2g° <e2f+d2g)

20Fn (a+blog[c (d+ex)"]) Polylog[2, Lber ]

+

g3

2 b2 £ n2 POlyLOg[B, _M] 2 b2 fn2 PolyLog[3, Vg (d+ex) ]
e/ f dve eV F+dVg

+

3 3

g

Result (type 4, 1272 leaves):
1

4¢3

g

, 2f2(a-bnlog[d+ex] +blog|c (d+ex)”])2

2gx? (a—anog[d+ex]+bLog[c (d+ex)”” - ) -
f+rgx

4f (a-bnlog[d+ex] +bLlogc (d+ex)"”2Log[f+gx2] +bn
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2 -2d 2 (d?-e?2x?) L d
(a—anog[d+ex]+bLog[c<d+ex)“”(— g ex | rex) - <2 ¢’ x) Log +ex])+
e

4

X

\/?
/(64108 (5 5 1)

[f3/2 2e(—ix/?+\/gx) ArcTan| | +21+g (d+ex) Log[d+ex] -

e (\/?Hix/gx) Log[f + g x?]

Vg x
JE

/(67 o] (7 -] -

i 'F3/2

|-2+g (d+ex) Log[d+ex] +

2e (\/?—j\ﬁgx) Ar‘cTan[

e (jﬁ+@x) Log[f + g x?]

Vg (d+ex) Vg (d+ex)
| +Polylog|2,
—Jie\/?+d\/E —J'le\/?er\/E
\/E(d+ex) | + PolyLog[2, \/E(d+ex) ]
Jlex/?+d\/g ]lE\/?-%—d\/E

8 f

Log[d+ex] Log[1 -

8f |Log[d+ex] Log|[1-

izg (ex (-6d+ex) + (6d*+4dex-2e*x*) Log[d+ex] -2 (d*-e?x?) Log[d+ex]?) +
e

b2 n?

i 'F3/2

/g (d+ex) Log[d+ex]*+2e (i\/?+ﬁx) Log[d + e x]

\/E(d+ex>
—Jie\/?+dx/g

o7 104 (4713 ) -

\/E(d+ex)
—Jie\/?+d\/g

Log[1-

| +2e (jx/?Jr\/Ex) Polylog|2,

/

32 |Log[d + e x]

+

Vg (d+ex) ]

[—Ji\/E(d+ex) Log[d+ex]+2e(\/?+i\/gx) Log[1 - T aade
ievVf +dvg

/

Log[d+ex]?Log[1-

Vg (d+ex) ]

2e (\/?Hix/gx) PolyLog[Z, e T
ief +dvg

\/E(d+ex)
7jeﬁ+d\/E
\/E(d+ex> ]—ZPolyLog[B, \/E<d+ex>
71'1e\/?+d\/§ *J'leﬁ+d\/g
M] +2Log[d+ex] POlyLOg[Z, M} _
Jie\/?+d\/E Jlex/?+d\/g
Vg (d+ex) ] J]

JiE\/?+d\/E

((e\/?—jd\ﬁg) (\F+J’1\/€X))—4'F ] +

2Llog[d +ex] PolyLog[z,

4f |Log[d+ex]?Log[1l-

2 Polylog|3,
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Problem 321: Result unnecessarily involves imaginary or complex numbers.

2

dx

Jx3 (a+bLog[c (d+ex)"])
(f+gx?) 2
Optimal (type 4, 739 leaves, 25 steps):

_ezf (a+bLogfc (d+ex)"])? +f (a+bLogf[c (d+ex)"])?

+

2g? (e2f+d?g) 2g? (f+gx?)
be (ef+d\/71‘ \/E) n(a+blogfc (d+ex)"]) Log[e Jffﬁ_x ]
eV -f +dg
2g? (e*f+d?g)
N2 e (+/-f /g x
(a+bLogfc (d+ex)"])” Log| NEPNT ]
2 g?
be (ef—d\/—F \/E) n(a+bloglc (d+ex)"]) LOg[eegthX ]
2g? (e2f+d?g)
vz eV
(a+bLoglc (d+ex)"])” Log| N ]
2g?
b2e+/-f (e\/j+d\/g) n? Polylog|2, _ Ve (dex) ]
e/ —f -d/g .
2g? (e2f+d?g)
bn (a+blog[c (d+ex)"]) PolyLog|2, —:\\/E—(%‘i;—‘*xr)g—] )
gz
b2 e (ef+dx/?x/€) n? Polylog|2, J@—Leﬁi;e\%}
N
2g? (e2f+d?g)
bn (a+bLlog[c (d+ex)"]) PolyLog|2, j%‘:—”r:]
g .
b% n? Polylog|3, —M} b? n? Polylog|3, M}
e~/ -f -d/g e/ -f +dg
g’ _ g’

Result (type 4, 1124 leaves):
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2f (a-bnlog[d+ex] +blog|c (d+ex)”])2

+

4g? f+gx?
2 (a-bnlog[d+ex] +blog|c (d+ex)””2Log[f+gx2] +

bn(a-bnlog[d+ex] +blog[c (d+ex)"]

—

{\/? 2Jie(WH‘l\/EX)Ar‘cTan[\/EX}—2i\/€(d+ex) Log[d+ex] +
\/?
e (VF +ie x| tog[frgx?] ||/ ((eVF -idve) (VF +ive x))-
ivF Ze(\/?—j\/gx)Ar‘cTan[\/Ex]—2\/?(d+ex) Log[d+ex] +
N
e(jﬁ+@x) Log[f + g x?] ]/((e\/?ﬂid\/g) (\/?—j@x))Jr
4 |Log[d+ex] Log[1- Vg (drex] | +Polylog|2, Vg (drex) +
—Jiex/?+d\/g —J'le\/?er\/g
4 |Log[d+ex] Log[l—m}+PolyLog[2, M +
]'].EN/?-%-d\/E Jie\/?+dx/g
b>n? |2 Log[d+ex]?Log[1- \/E(d+ex) }+2L0g[d+ex]2Log[1_M .
~ieVf +dv/g ief +dg
4log[d+ex] PolyLog[Z, \/E<d+ex) +
qeﬁm@
\F |Logld+ex] i\/E(mex) Log[d+ex]+2e(\/?—im/gx) Log|
Ve (drex) ] +2e(\/?—i\/EX)PolyLog[2, Vg (drex] /
~ieVf +dg —ieF +dg
‘ . @(d+ex)
((EX/?Jr]ld\ﬁg) (\anx/gx )+4Log[d+ex} Polylog[2, — | +
je\ﬁer\/E
\F |[Log[d +ex] —Ji\/E(d+ex) Log[d+ex}+2e(\/?+jm/gx) Log|
17M} +2€(\F+]'l\/EX) POlyLOg[Z, M] J/
Jie\/?+d\/E Jie\/?+d@
(v - 1dvE) [VF + 1 vE x| - 4polyLog[s, ~E(4rex) |
7]'1e\/?+d\@

Vg (d+ex)
Jie\/?+d\/g

Polylog|3,

]
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Problem 322: Result unnecessarily involves imaginary or complex numbers.

2

dx

Jx <a+bLog[c <d+ex)”])

(-F+gx2)2

Optimal (type 4, 430 leaves, 13 steps):
e? (a+blogfc (d+ex)"]) (a+bLog[c (d+ex)"])?
2g (e*f+d’g) 2g (f+gx?)

2

VF g x ]

be (eﬁd\/j\/g) n(a+blogfc (d+ex)"]) Log[ee e

2fg(e2f+d2g>

NE= ]

be (ef—d\/jx/g) n(a+bloglc (d+ex)"]) Log[eeﬁfdﬁ

2fg (e?f+d?g)

b2e (e\/7+d@) n? Polylog|2, 7;“%‘:—6’%—]

2ﬁg(e2f+d2g>

b2e (ef+d\/j@) n? Polylog|2, ﬁ—‘—Le *dj;‘?}

2fg (e21°+d2g)

Result (type 4, 544 leaves):

2

1 2 (a-bnlog[d+ex] +blog[c (d+ex)"])
4g ) f+gx? ’
2bn(-a+bnlog[d+ex] -bl d+ex)" -2de+/g (f+gx?) ArcTan ul
200 (-abnogid-ex) -biog[e (4-ex)"]) [-2de Vg (£ g) arcran *E ]
\/?(Zg(dz—ezxz) Log[d+ex] +e? (f+gx?) Log[f+gx2])]]/
VF (e2f+d?g) (frgx?)] + ——ib?n?
(VF (e g) (f+gx?)] =
[ —\/E(dJrex) Log[d+ex}2+2e(j\/?+\/gx) Log[d +ex] Log[1 - \/E(d+ex) ]+
—Jie\/?er\/E
. \/E(d+ex) . .
2e (iVF + g x| PolyLog|2, I/ ([eNFridve) (VF-ivex))+
—]ie\/?+dx/g
Log[d+ex] [Vg (d+ex) Log[d+ex}+21‘1e(x/?+im/§x) Log[l—m] +21
JiE\/?+d\/E

g (d+ex)

e (\/?+]'].\/EX) Polylog|2,
ieVf +dVg

]//uev?_idvg)(v?+jv§xﬂ

|
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Problem 323: Result unnecessarily involves imaginary or complex numbers.

2

dx

J(a+bLog[c (d+ex)"])

x (f+gx?) 2
Optimal (type 4, 814 leaves, 29 steps):

e (a+bLog|c (d+ex)”])2Jr (a+bLogfc (d+ex)"])? Log[—?] (a+blogfc (d+ex)"])?

2f (e2f+d?g) 2f (Frgx?) ' £ +
be (e +d/F g | n (asbloglc (d+ex)"]] Log[ 2]
22 (e2f+d?g)
(a+bLog[c (d+ex)”})2Log[eeT;$ ]
22
be(ef-dv/-F g |n (a+blogc (d+ex)"])L°€[eegtfrg]

2f2 (e2 f+d’g)

(a+bLoglc (d+ex)””2Log[e Ve | b2e (e\/—f +d\/§) n? Polylog|2, —M]

e/ —f -d/g o Fdvg i
2 f2 2 ()2 (2 f+d2g)
on (a+bLog|c (dex|"]) PolyLog|2, - Lo ]
£ '
2 - 2 g (drex)
b2 e (ef+d\/7f@) n? Polylog|2, eﬁmﬁ}

2 f2 (ezf+d2g)

bn(a+bLlog[c (d+ex)"]) PolyLog|2, /e tdex) )

e FedE
£ '
2bn (a+blog[c (d+ex)"]) PolylLog[2, 1+ ed—x} b? n? Polylog|3, - . 71:(17;85?}
= ' £
b?n2 PolyLog|3, j%:—exr:] 2b2n?Polylog[3, 1+ ech}
1:2 B 1:2

Result (type 4, 1235leaves):
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1 (2f(a-bnlog[d+ex] +bLog|c (d+ex)“])2

42

+

f+gx?

4 Log[x] (a—anog[d+ex] +bLog[c (d+ex)””2_

2 (a-bnlog[d+ex] +blog|c (d+ex)””2Log[F+gx2] +

bn(a-bnlog[d+ex] +blog[c (d+ex)"]) |8Log[x]

ex
Log[d+ex] - Log[1+ 7]) +

2ie (\/?Hi\/gx) Ar‘cTan[\/EX] -2i+g (d+ex) Log[d+ex] +
F

/(o7 ] (7 2] -

\/?

e (\/?+]'l\EX) Log[f + g x?

Ve x
JE

iVE

2e (ﬁ—ix/?x) ArcTan | | -2/g (d+ex) Log[d+ex] +e (Ji\/?+\/gx)

Log[f + g x?] /((e\/?ﬂld\/g) (\/?—Ji@x)) - 8 Polylog|2, _ed_x] -

\/E(dJreX) \/E(dJrex)
4 |Log[d+ex] Log[1- | +PolyLog|2, _
~ieV/f +dVg “ieF +dVg
d d
4 |Logld+ex] L08[1*M}+Poly|_og[2, M] .
ief +dVg ieVf +dVg
d
b2 n2 4Log[—g} LOg[dJrex}Z*ZLOg[dJrex]zLog[l, \/E( +ex) .
‘ ey dvE
\E(d+ex> \E(dJrex)

2Log[d+ex]?Log[1- | -4 Log(d+ex] PolyLog|2,

JiE\/?er\/E 7J'lE\/?+d\/E

VF |Logld+ex] |i/g (d+ex) Log[d+ex]+2e(ﬁfjx/gx) Log |
_ Ve (drex) ] +2e(\/?711@x>PolyLog[2, Ve (drex) /
~ief +dVg ~ie/f +dg
((eﬁﬂidx/g) (\/?—J'].\/EX)) -4 Log[d+ex] Polylog|2, M] +
Jie\/?+d\/E
\Jf |Log[d +ex] —Ji\/?(dJrex) Log[d+ex}+2e(\/?+j\ﬁgx) Log|
1_M} +2€(\/?+]1\/EX) POlyLOg[Z, M] J/
Jie\/?+d\E je\Fer\/E
((e\/?—jd\/g) (\/?+J’1\/Ex)) +8Log[d+ex] Polylog|2, 1+e(TX] +
Vg (d+ex) Vg (d+ex) ex

4 PolyLog|3, | +4pPolyLog|3,

~ie/f +dVg ieVf +dVg

| -8Polylog|[3, 1+ 7]
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Problem 324: Result unnecessarily involves imaginary or complex numbers.

2

dx

J(a+bLog[c (d+ex)"])

x3 (-F+gx2)2

Optimal (type 4, 970 leaves, 36 steps):
b2e?n?log[x] ben(d+ex) (a+blog[c(d+ex)"]) e’g(a+bLog[c(d+ex)"])?
_ N _

d? 2 d? £2 x 22 (e2f+dg)

(a+blog[c (d+ex)"])? 8 (a+blog[c (d+ex)"])? i 2gLog[—ed—X] (a+bLog[c (d+ex)"])?

22 x2 22 (fegx?) e
VF VE x
be [efd ¥ b d+ex)" e
e fef: Ve | gn (a+blog[c (dvex)"]) Log[ = ———"="] .
23 (e2f+d?g)

¥ g x

g [a-blog[c (d-ex]"] ) Log * 2
f:3

be(ef,d\/j\/g)gn(aerLog[c (d+ex>"}>Log{eegt;Ergx]

23 (e2f+d2g)

Ve
g (a+blogfc (dJreX)”})ZLog[ee —-F—d\g/EX | bezn (a+bLlogfc (d+ex)"]) Log[1- dix]
.F3 - d2.F2
d 2 — 2 _ /g (drex)
b? e? n? PolyLog [2, d+ex] ) b2 e (e\/ f +d\/§> gn? Polylog|2, eﬁfd@}
d? f2 2 (-F)°'% (e2f+d?g)
2bgn (a+blog[c (d+ex)"]) PolyLog|2, —j\/E—(iT‘:—exrgL}
‘F3
/g (diex)
b2 e (ef+dx/—f \/E) gn? Polylog|2, eﬁme@]

+

23 (e2 f+d?g)

2bgn (a+blog[c (d+ex)"]) PolyLog[2, M]

eﬁ+d\/E
£ )
4bgn (a+blogfc (d+ex)"]) Polylog[2, 1+ ed—x} 2b?gn? Polylog|3, —e—\%:—e\%—]
.F3 h .F3 N
2b? gn? Polylog|3, jf_(%i;—exr)g_} ) 4b>gn?Polylog|3, 1+ <]
‘F3 .FB

Result (type 4, 1416 leaves):
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2f (a-bnlog[d+ex] +bLog|c (d+ex>"})2

x2

1

4

2fg(a-bnlog[d+ex] +blog|c (d+ex)”])2

f+gx?
8glog(x] (a-bnlog[d+ex] +blog|c <d+ex)””2+
4g(a-bnlogld+ex] +blog|c (d+ex)””2Log[F+gx2} +
bn(a-bnlog[d+ex] +blog[c (d+ex)"])
4f (dex+e?x?Log[x] + (d?-e?x?) Log[d+ex])
.

d? x?

2e (—J'l\/?+\/EX) Ar‘cTan[\/_\gﬁX
.F

/(e =6 ] (7 5]

Vf g ]+21‘1\/€(d+ex)Log[d+ex]—

e (\/?Hix/gx) Log[f + g x?]

2e (\/?_jm/gx) Ar‘cTan[\/\/E_X] -2+/g (d+ex) Log[d+ex] +
.F

/(64108 (755 1)) -

Ji\/?g

e (jﬁ+\/gx) Log[f + g x?]

e x e x
16¢g (Log[x} (Log[d+ex] - Log|[1+ 7}] - Polylog|2, 77] +
d d
8g |Log(d+ex] Log[1- Ve (drex] | +Polylog|2, Ve [drex)
~ien/f +dv/g ~ief +dg
d d
8g |Log[d+ex] Log|[1- M} + PolylLog|2, M}
ief +dg ief +dg
b2n? | |1+/f g —\/E(dJrex) Log[d+ex}2+2e<i\/?+\ﬁgx) Log[d + e x]
d d
Log[1- Ve (d+ex) | +2e (i VF + g x| PolyLog|2, Ve (drex) /
~ieVf +dg “ieF +dVg
((E\/?ind\/g) (\/?—J'l\/EXH— Vf g |Logld+ex]
d
[j\/E(dJrex) Log[d+ex]+2e(\/?+jm/gx) Log[lfm] +
Jie\/?+d\/E

\/E(d+ex) ]
ie\/?+dﬁ
((eﬁfjd@) (Wq@x))f

2e (\/?Jr i \/Ex) PolyLog|2,

/

2f [2e2x2 Log[—edfx} (-1+Logld+ex]) +

d? x?

d+ex) Log[d+ex] (2ex+ (d-ex) Log[d+ex]) +2e“x“PolyLog|2, 1+ — || +
2o edx
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\E(dJreX) \E(d+ex)
4g Log[d+ex}2Log[1— ]+2Log[d+ex} PolyLog[Z, -

7116\/?+d\ﬁg —]'lE\/?er\E

d d
2Polylog|3, Ve (drex) || +4g Log[dJrex]ZLog[lfM +

CieVF +die ieVF -dvg
d d
2Log[d+ex] PolylLog|2, M} - 2Polylog|3, —@( rex) }J -
ief +dg ief +dg

ex R e x e x
8g [Log[—?} Log[d+ex]?+2Log[d+ex] PolyLog[2, 1+ 7] -2Polylog[3, 1+ ?})

Problem 325: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bLog|c (d+ex)”])2dx

('F+gxz>2

Optimal (type 4, 897 leaves, 36 steps):
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2abnx 2b2n?x 2b%*n (d+ex) Log|c (d+ex)"]

- + +
g’ g’ eg?
(d+ex) (a+blog[c (d+ex)"])? f(d+ex) (a+bloglc (d+ex)"])?
eg? 4(eV/-f +dVg g [V-Ff -Veg x|
e (/- -\/g x
f(d+ex) <a+bLog[c dsex nhz be-Fn(a+bLog[c (d+ex)”]> Log[ = ]
4<e\/7—d\/g)g2( -f +\/Ex) 2(ex/7+dx/g)g5/2
\ VFAE
3+/-f (a+blog[c (d+ex) ])ZLog[ee ﬂhdjg ]
4g5/2
e [/ -Ff +/g x
befn (a+blog[c (d+ex)"]) Log| e ]

2 (e\/jfd\/g) g°/?

3+/-f (a+blog|c (d+ex)“])2|_og[e VoF /e X | b2efn?Polylog|2, - & ldex |

e/-f-dvg . eV/-F-dvg °
4g°2 2 (eﬂ/—_f _d\/g) g5/2
3b+/-f n(a+blog[c (d+ex)"]) PolyLog|2, —j%if‘:—‘i%—}
2g5/2
b? e f n? PolyLog|2, %:—e%—} ) 3b+/-f n(a+blog[c (d+ex)"]) PolyLog|2, jf—‘%‘:—“r)g—}
2(ex/7+dx/g)g5/2 2g%2
2. /_F n2 _ g (drex) 2./ 2 Vg (diex)
3b2+/-f n?Polylog|3, eﬁfd@] 3b2+/-f n?Polylog|3, eﬁmﬁ}
2g%/? B 2g5/2

Result (type 4, 1247 leaves):

1
4g5/2

4VE x (a-bnLog(d-ex] - bLog[c (d+ex]"])"-

2f+/g x (a-bnlLog[d+ex] +bLog|c (d+ex)”])2
f+gx?

x] <a,anog[d+eX} +bLog[C (d+ex>n])2+

6 \/? ArcTan [
JE

8Vg (d+ex) (-1+Log[d+ex])
e

bn(a-bnlog[d+ex] +blog[c (d+ex)"])

fl-2e (\/?Jr]'l\/EX) Ar‘cTan[\Ex} +2+/g (d+ex) Log[d+ex] +

\/?
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je(ﬁ+j\/EX)Log[-F+gx2] /((eﬁ—jd\/g) (\/?Jrj@x))—

.F

2e (\/?-i\/Ex) Ar‘cTan[\/\/E_x] -2+/g (d+ex) Log[d+ex] +
.F

e(j\/?Jr\/EX) Log['F+gX2] /((e\/?Jrid\/E) (W—i g X))_

d+ d+
61i+/f |Log[d+ex] Log[l_ \/E( ex) ]+P01yLog[2, \E( ex)
~ie/f +dVg “ienF +dig
d d
6i+/f [Log[d+ex] LOg[l—M}JrPolyLog[z, M} N
ieVf +dvVg ieVF +dVg

b2 o2 4\/E(d+ex) (2-2Log[d+ex] +Log[d+ex]?) .
n _

g (d+ex) Log[d+ex]*+

e

\E(d+ex)
—ie~f +dg

/((e\/?+idx/g) (VF-ive %)) -

Ze(j\/?Jr\/Ex) Log[d +ex] Log|[1- }+2e(j\/?+\/gx)

\E(d+ex) }]
—ie+f +dg

Polylog|2,

\/E(dJrex) ]
Jle\/?+d\/g

f |Log[d+eX]

\/E<d+ex) Log[d+ex]+211e(\/?+j\/gx) Log[1 -

)/

Log[d+ex]?Log[1-

\/E (d+ex)

2ie (\F+]'l\/EX) PolyLog[Z,
ieVF +dig

\/E(d+ex) N
7je\ﬁ+d\/g

@(d+ex) | - 2PolyLog[3, \/E(d+ex) ]
7Jie\/?+d\/E *Jlle\/?+d\/g
M] +2Log[d+ex] POlyLOg[Z, M} _
ie\/?+d@ Jiex/?+d\/g

\/E(d+ex) ]

J'lE\/?+d\/E
Problem 326: Result unnecessarily involves imaginary or complex numbers.

((eVF-idVe ) (VF+ivex||-3iVF

2Log[d+ex] PolylLog|2,

+

3i/F

Log[d+ex]?Log[1-

2 Polylog|3,

dx

sz (a+bLogc (d+ex)”])2

(-F+gx2>2

Optimal (type 4, 815leaves, 32 steps):
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(d+ex) (a+blog|c (d+ex)“])2 X (d+ex) (a+blog|c d+ex)”])2 X

4(e\/7+d\/g)g(\/7—\/gx) 4(e\/T—d\/E)g(\/7+\/Ex)

e |[V-Ff Vg x e [(VF Ve x
ben (a+blog[c (d+ex)"]|) Log| e | (a+blog|c (d+ex)”])2Log[ = ]
+
Z(ex/—-F +d\/E)g3/2 4~ _—F g2
e (/-F +/g x e [/-F +/g x
ben (a+blog[c (d+ex)"]) Log| e ] ) (a+blog[c (d+ex)"])? Log| e ]
Z(e\/—f —d\/E)g3/2 4~/—f g2
b2 e n? Polylog|2, *;\JE—(%‘:—“W:] ) bn (a+blogfc (d+ex)"|) PolyLog|2, 7;\5_—{(‘:—9’%:}
2 (e F av/g) g 2 g
2 2 Vg (drex) n Vg (drex)
b? e n? PolyLog|2, eﬁmﬁ} ) bn (a+blog[c (d+ex)"]) PolyLog|2, eﬁmﬁ}
2 (eV/-F +dVg ) g 2V F g2
b2 n? Polylog |3, ,M} b2 n2 Polylog|3, M}
eV-f-dvg ° e F+dg
2/ -F g2 2+/—F g3¥2

Result (type 4, 1149 leaves):
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1

2+/g x (a-bnLog[d+ex] +blog|c (d+ex)”})2
4g3/2 N

+

f+gx?

2Ar‘cTan[€}—X] (a-bnlog[d+ex] +blog|c (d+ex)"])2

VF
bn(a-bnlog[d+ex] +blog[c (d+ex)"])

+

26 [V 21 g ] o[ TEX) -2 [aex) Logiaex)
.F

e(,jﬁ+@x) Log[F+gX2}J/((eﬁjd@) (\/?H'L\/Ex))+

2e (\/?—]'].\/EX) Ar‘cTan{\/\/E_x] -2+/g (d+ex) Log[d+ex] +
.F

e (Ji\/?+\/gx) Log[f + g x?]

J([eNFeiaVE] (VF-iVE X))« —

VF
d+ d+
21 |Log[d+ex] Log[l— \/E( ex) ]+P01yLog[2, @( ex)
~ieV/f +dvg “ieF +dvg
d+ d+
21 |Log[d +eX] Log[l— M] +PolyLog[2, M] J .
VE ieVf +dVg ieVFf +dvg
b? n2

d
Ve (drex) Logld+ex]?+2e [i\f +Vg x| Log[d+ex] Log[1- Vg (d+ex)
*]'le\/?er\ﬁg

]/ (o7 +sav) (-5 55 -

+

2e (1’1\F+\/Ex) PolylLog|2, Ve (drex)

—Jie\/?+dx/g
d
Log(d - ex) Vg (d+ex] Logldvex) 21e [VF +i Ve x) tog1- 1T X ]
JiE\/?+d\/E
d
2ie (\/?+]'].\/EX) PolyLog|2, M] /
Jie\/?+d\/g
d
((ex/?—id\/g) (\/?+Ji\/EX))+ 1, Log[d +ex]?Log[1 - Ve (drex] +
VE —JiE\/?+d\/E
Vg (d+ex) Vg (d+ex) 1
2 Log[d +ex] Polylog|2, | -2PolyLog|3, -
~ief +dg “ie+f +dVg | VF
d+ d
i Log[d+ex}2Log[17M}+2|_og[d+ex] PolyLog[z, M _
]'Le\ﬁ+d\/§ ]'le\/?+d\5

Vg (d+ex)
Jie\/?+d\/E

2 Polylog|3,

J
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Problem 327: Result unnecessarily involves imaginary or complex numbers.

2

dx

J(a+bLog[c (d+ex)"])
(-F+gx2)2

Optimal (type 4, 821 leaves, 20 steps):

i (d+ex) (a+blog|c (d+ex)"”2 i (d+ex) (a+blog|c (d+ex)”})2 i

4f (e F vaVe | (VF Ve x) 4f (e F -dve | [VF + Ve x)

ben (a+blog[c (d+ex)"]) Log[eeT:ﬁé( | (a+blog|c (d+ex)”])2Log[eeT;ﬁg ]
2f (e/-F +dVe | Ve a4 (-f)*2/g
V-F /g x e (VTF /g x
b bL d n L e bL d n1y2
en (a+blogfc (d+ex)"]) og[e 7F7drg]+<a+ oglc (d+ex)"]) og[e iidrg]i
2 (e (-F)*2+dfVg | Ve 4 (-f)22/g
b2 e n? Polylog|2, 73%—1:2—3(—:] ) bn(a+bLlogfc (d+ex)"]) PolyLog|2, 755—(%‘:—‘*;_:} )
2(e<f-F>3/2+d-F\/E)\/E 2(7_':)3/2\/?
b? e n?Polylog|2, :E;(‘i;—exr)g—} ) bn (a+blog[c (d+ex)"]) PolyLog|2, J@—Le 7{‘:‘”@} )
2f [eV/-F +dVg | Ve 2 (-F)*2 Vg
b% n? Polylog|3, —M} b2 n2 Polylog|3, M}
ev/-f -dvg ) e F+dg
2 (-f)*2g 2 (-F)¥2g

Result (type 4, 1162 leaves):

1 2+/f x (a-bnlLog[d+ex] +bLog|c (d+ex)“])2
4 £3/2 f+gx?

+

2Ar‘cTan[%] (a-bnlog[d+ex] +blog|c (d+ex)”])2

+

Ve
1 n
——bn (a-bnlog[d+ex] +blogfc (d+ex)"])
Ve
N3 —2e(\/?+i@x) ArcTan[\/\/g_X]+2\/E(d+ex) Log[d+ex] +
.F

Jie(\/?+i\/gx) Log[f+gxﬂ] /((e\/?—idx/g) (\/?Hi\/?x))—

2e (ﬁfjx/gx) Ar‘cTan[\/EX] -2/g (d+ex) Log[d+ex] +

(ﬁ
\/?
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e (iF /e x| Log[F+gx2}J /(e VF +idVe] (VF-i Ve x

| +

. Vg (d+ex] Vg (d+ex)
2i |Log[d+ex] Log[1l- | +PolyLog|2, -
—Jle\/?+d\/E —1'16\/?+d@
2i |Log[d+ex] Log[1- M] + PolyLog|2, M] J -
Jie\/?+d\/E JiE\/?+d\/E
ibznz( VE |-Vg (d+ex) Log[d+ex}2+2e(j\/?+\/gx) Log|
Ve
d+ex] Log[1l- Ve (drex) }+2e(i\/?+\/EX)PolyLog[
—]'lE\/?-%—d\/E
e leer )/ fevEesave) (vF-ivE )|+
—ieWer\/E
(\/? Log(d+ex] [V/g (d+ex) Log[d+ex}+211e(\/?+j\ﬁgx) Log|
1_M] +2]j.E(\/?+i\/EX) PolyLog[Z, M} /
Jie\/?+d\/g J'le\/?+d\/§
((e\/?—jd\/g) (\/?Hi\/?X))Jrj Log[d+ex}2Log[1— \E(dJreX) +
71'1E\/?+d\ﬁg
2 Log[d +ex] PolyLog|2, \/E(d+ex) | - 2PolyLog|3, @(d+ex) ]| -
7]1e\/?+d\/§ 7je\/?+d\/E
i Log[d+ex]2Log[1—M]+2Log[d+ex} PolyLog[Z, M -
Jie\/?er\/g Jie\/?er\/E
2PolyLog[3, M}
Jie\/?+d\/g

Problem 328: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bLog[c (d+ex>”})2

x2 (-F+gx2>2

Optimal (type 4, 919 leaves, 35 steps):
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2benLog[—%] (a+bloglc (d+ex)"]) (d+ex) (a+blog|c (d+ex)”])2
d 2 ) d 2 x :
g(d+ex) (a+blog[c (d+ex)"])? . g(d+ex) (a+blog[c (d+ex)"])? X

4 (v F vdvg ) (VoF Ve x| 4f(eV F -dve) (V-F «Ve ¥

VT g x ]

bex@n(a+bLog[c(d+ex)”])Log[e N
ey -1 + g

2 2 (e\/j+d\/g)

e (VF Ve x ]

3+/g (a+blogc (d+ex)””2Log[ NENT

4 (__F)S/Z

e (VIF +/g x ]

be+g n(a+blog[c (d+ex)"]) Log| ——
e/ F -dg

2f (e (-F)>*+df g |

3/g (a+bLog[c (d+ex>n”2Log[e VoF e x ] bze\/EnZPolyLog[z, M]

eV Fodve | e F dig N
4 (-f)°2 2f (e (-F)*2+df g |
3b+/g n(a+blog[c (d+ex)"]) PolyLog|2, ——*E—(—)—eﬁ‘:ej?} b?e~/g n?PolyLog|2, —\@—)—Eﬁ:&;@] )
2 (-F)*? 2 f2 (ex/j+d\/E)

3b+/g n(a+blog[c (d+ex)"]) PolyLog|2, j%‘:—e\%—] 2b%en?Polylog|2, 1+ ]

+ —

2<7'F>5/2 d.FZ

e F-dvE e +d g
2 (__F)S/Z 2 (__F)S/Z

3b%+/g n?Polylog|3, e (drex) | 3b%+/g n?Polylog|3, M}
+

Result (type 4, 1322 leaves):
1 4+/f (a-bnlog[d+ex] +blog[c (d+ex)"])
a2 | X

2

2+/f gx (a-bnlLog[d+ex] +bLog|c (d+ex)"])2

frgx?
Vg x
F

] (a-bniogid-ex] +blog[c (d+ex)"])*+

6/g ArcTan]

8/ f L - (d L d
bn(a-bnlog[d+ex] +blog[c (d+ex)"]) VF (extog(x] d( rex) Logl +ex])_
X

NF g [—Ze (\/?H'm/gx) Ar‘cTan[\/\/E_X] +2+/g (d+ex) Log[d+ex] +
.F
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ie (VF +ive x| Log[frex?] ||/ ([eVF -idVe ) [V +ive x)-

Vg x
N

/((eﬁﬂidﬁ) (VF-ivex))-

N

| -2+g (d+ex) Log[d+ex] +

2e (\/?—Ji g x) ArcTan|

e (Ji\/?+\/gx) Log[f + g x?]

Vg (d+ex) Vg (d+ex)
] + PolyLog[Z,
—jeﬁer\/E 7]16\/?+d\5
\/E(dJrex) }+PolyLog[2, \/E<d+ex) }
]'le\/?+d\E ]'le\/?+d\E

6ig

Log[d +ex] Log[1 -

6ig

Log[d+ex] Log[1 -

b2n2 | |\/f Vg —\/E(d+ex) Log[d+ex]2+2e(il\/?+\/gx) Log[d + ex]

Vg (d+ex)
—ieWer\/E

((eVF+idve | (VF-ive x])-

Log[1-

|+2e (J'].\/?+\/EX) PolyLog|2, Ve (drex) }]

~ief +dVg

/

Vg (d+ex) Log[d+ex] +

VF

Log[d + e x]

\/E (d+ex>

Zje(\/?JrI'L\EX) Log[1-
fle\/?er\/E

J[+2ie(VF+ive x|

/(o7 s8] (V7 4] -

\/E<d+ex) ]
d x

ieVF +de
e X

ex
2exLog[—?} Log[d+ex] - (d+ex) Log[d+ex]?+2exPolylLog|2, 1+7]

d

Log[d+ex]?Log[1- Ve [drex) +
~ie/f +dg

d d
Vg (drex] | - 2PolyLog|3, Ve (drex) ]
~ie/f +dg ~ief +dVg

d d
M]+2Log[d+ex] PolyLog[Z, M _
ief +dg ief +dg

Vg (d+ex) J

JiE\/?+d\/E
Problem 329: Result unnecessarily involves imaginary or complex numbers.

PolylLog [2,

af

3i+g

2 Log[d+ex] PolyLog[Z,

+

3i+g

Log[d+ex]?Log[1-

2 Polylog|3,

dx

JLog[c (a+bx)”}3

d+ex?

Optimal (type 4, 477 leaves, 12 steps):
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3 b\/jf\/?x 3 bﬁ+\/?x

Log|c (a+bx)"] Log|~~———"] ) Log[c (a+bx)"]” Log[ - "] _
2V-d Ve 24/-d Ve
2ntogle (a-bx)") rotyrol2, - EHNT] 3mtoelc (2 b)) polylog[z, (Re
2+/-d Ve 2+/-d Ve
3 n? LOg[C (a+bx>n] POlyLOg{?J, —%%Xﬁ)e—} 7 3 n2 LOg[C <a+bX)n] PolyLog[3, bJ\/L(e_Ti;—b\;%_}
V-d e Jod e
3n?Polylog|4, —M} 3n?PolyLog|4, e (arbx) ]
by-d-ave = b+/-d +ave
V-d Ve V=d e

Result (type 4, 754 leaves):
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e X e X

1
-2n®ArcTan| | Logla+bx]®+6n?ArcTan|

2+/d e Vd Vd

| Logla+bx]?Log[c (a+bx)"] -

X} Log[a+bx] Log|c (a+bx)”}2+
Vd

6 nArcTan|

Ve x

+b
| Log[c (a+bx)”}3+jn3Log[a+bx13Log[l_ Ve [a+bx]

Jd ibyd rave
\/?(a+bx)

Covaave

\/?(a+bx)

7ibﬁ+a\/?}i

2 ArcTan [

3in®logla+bx]?Log[c (a+bx)"] Log[1-

3inlogla+bx] Log[c <a+bx)”]2Log[1—

ﬁ(a+bx>
]'lb\/diJra\/?

in®Logla+bx]?Log[1-

|+

Ve (a+bx)
ovdave
\/F<a+bx)
=
\E(a+bx)
ovdave

Ve (a+bx)
fovdave
6in’Log|c (a+bx)"| PolyLog|3, Ve (arbx) ]+
~ib+d +ave
\/?(aerx)
fovdave

3in®logla+bx]?Log[c (a+bx)"] Log[1-

3inlogla+bx] Log[c <a+bx)”]2Log[1—

3inLog|c (a+bx)"]2PolyLog[2,

3inlog|c (a+bx)”]2PolyLog[2,

6in’Log|c (a+bx)"] PolyLog|3,

Ve (a+bx) . Ve (a+bx)
| -6in®pPolylog[4, ————|
~ib+d +a+e ib+/d +a+e

6 i n? PolyLog|[4,

Problem 330: Result unnecessarily involves imaginary or complex numbers.

dx

JLog[c (a+bx)"}2

d+ex?

Optimal (type 4, 347 leaves, 10 steps):
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b (/-d -\Ve x b (/-d +Ve x
Log[c (a+bx>"]2Log{ e ] ) Log[c (a+bx)”]2Log[ e ] )
2+/-d e 2+/-d /e
nlog[c (a+bx)"] PolyLog|2, —bi%a_;—b%] ) nlogc (a+bx)"]| PolyLog|2, ;*%Tz—bxr:}
A -d e \-d Ve
n? Polylog|3, _ e (abx) | n?PolyLog|3, fe (abx) ]
by d ave b d ave
\-d Ve V-d e
Result (type 4, 488 leaves):
_ ZnZAPcTan[\/?X] Log[a+bx]?-4nArcTan| € X} Log[a+bx] Log|c (a+bx)"] +
2V e e ua
b
2 ArcTan| X]Log[c (a+bx)"}2—jn2Log[a+bx]2Log[l— \/?(a+ X) |+
\d ~ib+d +ae
b
2inlLogla+bx] Log|c <a+bx)”] Log[1 - \E<a+ X)
~ib+d +ae
b
inZLog[a+bx]2Log[1—M]—
ib+/d +a+e
b
2inlogla+bx] Log|c <a+bx)”] Log[l——\/F (2+bx) | +2inLog|c (a+bx)”]
ib+yd +a+e
b b
Polylog|2, Ve (arbx) | -2inlog[c (a+bx)"]| PolyLog|2, —\/? (2+bx) ] -
~ib+d +ae ib+/d +a+e
5 \/?(aerx) \/?(aerx)
2in?Polylog|3, | +2in?Polylog[3, —————|
—ib+d +a+e ib+/d +a+e

Problem 331: Result unnecessarily involves imaginary or complex numbers.

L n
J oglc (a+bx)"] i
d+ex?
Optimal (type 4, 229 leaves, 8 steps):
] b (vVod /e x ) b (vVod /e x
Log[c (a+bx)"] Log| e ] ) Log[c (a+bx)"] Log| e ] )
2+/-d Ve 2+/-d Ve

nPolyLog|2, —M] nPolyLog|2, M]

b4 ave | byd +ave

2+/-d Ve 2+/-d Ve

Result (type 4, 232 leaves):
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Ar‘cTan[%] (-nLogla+bx] +Log[c (a+bx)"])

+

VT e
i (Log[a+bx] Log[1- M)—] + PolyLog|2, —\@a*—bx)—])
-ib+/d +a+e -ib+/d +ave

n

2+/d e

i (L°g£a+bx] Log[1- ~{e20X ], polylog|2, @_bL])
ibyd+ave ibyd-ave

2+/d Ve

Problem 333: Unable to integrate problem.
JLog[c allclx 1’; ]

X (a+bx'">

dx

Optimal (type 4, 27 leaves, 4 steps):
Polylog 2, “1-c-bex"L ]

am

Result (type 8, 34 leaves):

J\Log[c—‘—)—a 1’; ]

X (a+bx'“>

dx

Problem 334: Unable to integrate problem.

b
X (a+bx"‘)

JLOg[X " (-a+ac+bcx" ]
dx

Optimal (type 4, 27 leaves, 5 steps):
Polylog|2, {-c) [brax®) ]

b

am

Result (type 8, 38leaves):
J\Log[x’“ —a+ac+bcx" ]

b
X (a+bx"‘)

dx

Problem 335: Unable to integrate problem.
JLog[c (af 1—)—"""‘;: X)]

dx
X (d+ex"‘)
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Optimal (type 4, 28 leaves, 4 steps):
PolyLog[Z, (1-ac) (e+dx™ ]

e

dm

Result (type 8, 40 leaves):

ety

X (d+ex'")

dx

Problem 336: Unable to integrate problem.
Log [ x" (-d+a ced+a cex") }
dx
X (d+ex")
Optimal (type 4, 28 leaves, 5steps):

PolyLog[Z, (1-ac) (e+dx™ ]

e

dm

Result (type 8, 40 leaves):
Log [ x" (-d+a ced+a cex") }
dx
X (d+exm)
Problem 337: Result more than twice size of optimal antiderivative.

2
JLog [ a+bax ] le
a? - b2 x?

Optimal (type 4, 24 leaves, 2 steps):
PolyLog[Z, 1- 27""}

a+b x

2ab

Result (type 4, 89 leaves):

b x a
[4Ar‘cTanh[—] (Log[g +x| + Log|
a

4ab a+bx

a b x a+bx
Log[4] +L0g[g+x] -2Log[1- —}) +2Polylog[2, —]

Log[i+x}
b a 2a

Problem 338: Result more than twice size of optimal antiderivative.

J Log[ 2>
dx
(a-bx) (a+bx)

Optimal (type 4, 24 leaves, 4 steps):
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PolylLog[2, 1- 22-]

a+b x

2ab

Result (type 4, 89leaves):

[4ArcTanh[bl] (Log[§+x}+Log[ 2a }),

4ab a a+bx

a b x a+bx
Log[4] +L0g[g+x] -2Log[1- —}) +2Polylog[2, —]

Log[i+x}
b a 2a

Problem 339: Result more than twice size of optimal antiderivative.

J\Log[a 1-c)+b (1+c X]

a+b x

dx
a? - b? x?

Optimal (type 4, 37 leaves, 1 step):

_a(l-c)+b (1+c) x
Polylog[2, 1 v

2ab

Result (type 4, 259 leaves):

a-ac

b x a a 2 b x
4 ArcTanh | —] Log[— + x| - Log[ = + x|~ - 4 ArcTanh | —| Log
4ab a b b a b+bc

+x] Log| (1+c) (a-bx) B

2a b+bc 2a
afac+b(1+c)x

+X}+

a-bx a-ac

2Log[i+x} Log|

]+4Ar‘cTanh[b—X] Log|
b+bc 2ac a a+bx

a—ac+b<1+c>x

} +

a—ac+b(1+c)x

a+bx
2 Polylog|2, | -2PolyLog|2, | +2PolyLog|2, -
2a 2a 2ac

Problem 340: Result more than twice size of optimal antiderivative.

JLOg[a (1-c)+b (1+c) x]

a+b x

(a-bx) (a+bx)

dx

Optimal (type 4, 27 leaves, 2 steps):

Polylog[2, “2x.]
a+b x

2ab

Result (type 4, 259 leaves):
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a-ac

b x a a 2 b x
4 ArcTanh|—] Log|— +x] - Log|[ = + x| -4 ArcTanh| —| Log]|
4ab a b b a b+bc

(1+¢c) (a-bx)

+x] +

a-bx a-ac

a
2L — L -2L L
og[b+x} og| - ] og[b+bc+x] og| - ] +
_ 1 b - b (1
2Log[a + x| Log[< wc) (2 X>]+4Ar‘cTanh[b—X] Log[a ac+h| +C)X}+
b+bc 2ac a a+bx

+bx

a a—ac+b<1+c>x
2PolyLog[2, E——

a—ac+b(1+c)x

} -2 PolylLog [2, ] +2PolylLog [2, -

2a 2ac

Problem 341: Result more than twice size of optimal antiderivative.

(a-bx)
J\LOg[l_ caa+bxx }

a% - b%x?

dx

Optimal (type 4, 27 leaves, 1 step):
Polylog[2, <0\

a+b x

2ab

Result (type 4, 259 leaves):

b x a a 2 b x
4 ArcTanh| —] Log[— + x| - Log[~ + x| -4 ArcTanh[ —| Log|
4ab a b b a b+bc
1 -b
+ x| Log[< re) (a X>]+
2a b+bc 2a
1 b - b (1
[< re) fax X>]+4ArcTanh[b—X] Log[a aceh +C)X}+
b+bc 2ac a a+bx

a-ac+b (1+c)x a—ac+b(1+c)x

a a-bx a-ac
2 Log| — +x] Log|

a+bx
2 Polylog|2, | -2PolyLog|2, | +2PolyLog|2, -
2a 2a 2ac

]

Problem 342: Result more than twice size of optimal antiderivative.

(a-bx)
JA Log[17 ) aa+be ]

(a-bx) (a+bx)

dx

Optimal (type 4, 27 leaves, 3 steps):

PolyLog[Z, c@bx) ]
a+b x

2ab

Result (type 4, 259 leaves):
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a-ac

b x a a 2 b x
4 ArcTanh|—] Log|— +x] - Log|[ = + x| -4 ArcTanh| —| Log]|
4ab a b b a b+bc

(1+¢c) (a-bx)

+x] +

a-bx a-ac

a
2L — L -2L L
og[b+x} og| - ] og[b+bc+x] og| - ] +
_ 1 b - b (1
2Log[a + x| Log[< wc) (2 X>]+4Ar‘cTanh[b—X] Log[a ac+h| +C)X}+
b+bc 2ac a a+bx

+bx a-ac+b (l+c)x a-ac+b (l+c)x

a
2 PolylLog [2, 7} -2 Polylog [2, ] +2PolylLog [2, -

2a 2ac

Problem 343: Result more than twice size of optimal antiderivative.

dx

Log|c (a+bx)”}3
J dx+ex?
Optimal (type 4, 238 leaves, 13 steps):

Log[f%"} Log|c (a+bx>“}3 ) Log|c (a+bx)”}3|_og[b_(wL}

bd-ae B
d d
3nLog[c (a+bx)"]*Polylog[2, 7e—b(3t—::)—} 3nLog[c (a+bx)"]*Polylog[2, 1+ Z—X]
d . d i
6n2Log[c (a+bx)"] PolyLog|3, —%ﬁﬂ 7 6n2Log[c (a+bx)"] PolyLog[3, 1+ ba—x] 7
d d
6 n> Polylog |4, —%ﬁﬂ ) 6n3Polylog|4, 1+ b?x]
d d

Result (type 4, 494 leaves):
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% -Log([x] (nlog[a+bx] - Log|c (a+bx)”])3+ (nLogla+bx] - Log|c (a+bx)””3Log[d+ex1 +

2 b x
3n (-nlogla+bx] +Log|[c (a+bx)"])" |Log[x] |Log[a+bx] - Log[1+ —]] -

a

b (d b
bl ex)s poiyioglz, - 2 - poryLog[z, 22X

Log[a+bx] Log|
bd-ae a -bd+ae

Log[—bfx] Log[a+bx]?-
a

3n% (nLogla+bx] -Log[c (a+bx)"])

b(d+ex) e(a+bx)
7] -2Llogla+bx] PolyLog[Z, —_— |+
bd-ae -bd+ae

e (a+bx)

Log[a+bx]?Log]|

b x b x
2Log[a+bx] PolyLog[2, 1+ — | +2PolyLog|3, | -2PolyLog[3, 1+ —]] +
a -bd+ae a
b (d
n3 Log[fb—x] Log[a+bx]3fLog[a+bx]3Log[w -
a bd-ae
e (a+bx) s b x
————"] +3Logla+bx]?Polylog[2, 1+ —] +
-bd+ae a
e (a+bx) b x
————"| -6 Log[a+bx] Polylog[3, 1+ —| -
-bd+ae a

3Log[a+bx]?Polylog|2,

6 Log[a+bx] PolyLog|3,

e (a+bx)

b x
6 PolyLog|4, | +6PolyLog[4, 1+ —] ] ]

-bd+ae a

Problem 369: Result more than twice size of optimal antiderivative.

JLog[-Fx'"] (a+bLoglc (d+ex)””2dlx

Optimal (type 4, 309 leaves, 17 steps):
2abmnx-4b>mn®x+2bmn (a-bn)x-2abnxLog[fx"]|+

4b2mn (d+ex) Log[c (d+ex)"]
N

2b?n?x Log [f x"] +
e

2b2danog[*%] Log|c (d+ex)”] 2b%n (d+ex) Log[fx"] Log|c (d+ex)”]

e e

m(d+ex) (a+blog[c (d+ex)"])? ) dm'-og[’%x] (a+bLog[c (d+ex)"])?

+
e e

(d+ex) Log[fx"] (a+bLog|c <d+ex>“])2+2b2dmn2PolyLog[2, 1+edfx} i
e e
2bdmn (a+blog[c (d+ex)"]) PolyLog[2, 1+ ed—x} ) 2b2dmn? Polylog|3, 1+ed—x]
e e

Result (type 4, 655 leaves):
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b>n? (-mLog[x] + Log|f

x"|)

x dlog[d+ex] xlog[d+ex] dlog[d+ex]?
-+ + -
e

J .

xLog[d+ex]2-2e
e? e 2¢?

X dlog[d+ex]
X Log[d+ex] -e f——)

2bn (-mLog[x] +Log[fx"]) ;
e e

(a+b (-nlLog[d+ex] +Log[c (d+ex)"|)) +
mxLog[x] (a+b (-nLog[d+ex] +Log|c <d+ex)””)2+
x(—a2m+a2 (-mLog[x] +Log[fx"]) -2abm (-nLog[d+ex] +Log[c (d+ex)"]) +

2ab (-mlLog([x] +Log[fx"|) (-nlLog[d+ex] +Log[c (d+ex)"]) -

b>m (-nlLog[d+ex] +Log|c (d+ex)”])2+

b* (-m Log[x] +Log[-Fx'“]) (-nLog[d+ex] +Log|c (d+ex)”})2) +
2bmn (a+b (-nlog[d+ex] +Log[c (d+ex)"]))

~d-ex+ (d+ex) Log[d+eXx]
x Log[x] Log[d+ex] - _
e

e —
2

x (-1+Llog[x]) d (Log[X] Log[1+ ©*] +PolyLog|2, ,ede]) ]J
.
e e

b’mn? |-xLog[d+ex]?+xLog[x] Log[d+ex]?+

dlog[d+ex] xlog[d+ex] dLog[d+ex]?
i _

e? e 2e?

X,
e
dLog d+ex]
+X (-1+Log[x]) Log[d+ex] -

1 1
- —d (— (Log[x} -

2 ez (2

o { ~1+Llog[x]) @ (Log[x] Log[1+ %] +PolyLog|2, 7:—"])
€ e

d+ex d+ex
| +PolyLog|3, T]

e x
Log{—T]] Log[d +ex]? - Log[d +ex] PolyLog|2,

Problem 373: Result more than twice size of optimal antiderivative.
JLog[-Fx'"] (a+bloglc (d+ex)"] >3dlx

Optimal (type 4, 522 leaves, 28 steps):
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-12ab*mn®x+18b°mn*x-6b’>mn* (a-bn) x+
18b>mn? (d+ex) Log[c (d+ex)"]
6ab’n?xLog[fx"| -6b*>n®xLog[fx"] - -
e
6b>dmn? Log[-<*| Log[c (d+ex)"] gbin2 (d+ex) Log[fx"] Log[c (d+ex)"]
+ +
e e

6bmn (d+ex) (a+blog|c (d+ex)n])2+ 3bdmn|—°g{_ed_x] (a+blogfc (d+ex>””2 )
e e

3bn (d+ex) Log[fx"] (a+blog|c (d+ex)"”2 m(d+ex) (a+blog[c (d+ex)"])

3

e e

dmLOg[*:*x] (a+blog[c (d+ex)"])? (d+ex) Log[fx"] (a+bLog[c (d+ex)"])’
e e

6 b*>dmn®Polylog|2, 1+:*X] 6b2dmn2 (a+bLlog[c (d+ex)"|) PolyLog[2, 1+ %]

+ _
e e

3bdmn (a+bLogc (d+ex)”])2PolyLog[2, 1+e7"] ) 6b>dmn®PolyLog|3, 1+ ed—x} )
e e

6b2dmn? (a+bLlog|c (d+ex)"|) PolyLog[3, 1+ E(Tx] 6b>dmn®PolyLog[4, 1+ %]

e e

Result (type 4, 1163 leaves):
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o |

[—b3 n® (d+ex) (mLog[x] —Log[-Fx"‘}) (-6+6Log[d+ex] -3Log[d+ex]*+Log[d+ex]?) -

3b%>n? (mLog(x] - Log[fx"|) (2ex-2 (d+ex) Log[d+ex] + (d+ex) Log[d+ex]?)
(a-bnlog[d+ex] +blog[c (d+ex)"]) -

3benx (m-Log[fx"]|) Log[d+ex] (a-bnlog[d+ex] +blog|c (d+ex)”])27
3bdn (m+mLog[x] - Log[fx"]) Log[d+ex] (a-bnLog[d+ex] +blog|c (d+ex)”])2+
ex (a-bnlog[d+ex] +blog|c (d+ex)””2(3bmn+3bn(mLog[x}—Log[-Fx’“])Jr

a (-mLog[x] +Log[fx"]) +b (-mLog[x] +Log[fx"]) (-nlLog[d+ex] +Log[c (d+ex)"])) +
. ex ex
adm (a-bnlog[d+ex] +bLlog[c (d+ex)"]) (Log[x] Log[1+7] +PolyLog|2, 77]

bdm (nLog(d+ex] -Log[c (d+ex)"]) (a-bnlog[d+ex] +blog|c (d+ex)”])2
e x ex n 2
(Log[x} Log[1+7] +Polylog|2, —7]) -am (a-bnlog[d+ex] +blog[c (d+ex)"])

ex ex
(ex+Log[x] [—ex+dLog[1+ 7}] +dPolylog|2, —7}) +

3bmn (a-bnlog[d+ex] +bLlog|c (d+ex)”])2
ex ex
-ex+dLog[1+ 7}] +dPolylog|2, —7}

+

ex + Log[x]

bm (nLog[d+ex] -Log[c (d+ex)"]) (a-bnLog[d+ex] +blog[c (d+ex)"])?

e X+ Log[x] —ex+dLog[1+ ed_x}] +dPOlyLog[2, 7ed_X}) B

3b>mn® (-a+bnlog[d+ex] -blog[c (d+ex)"])
(—6ex+2exLog[x] +4dLog[d+ex] +4exlog[d+ex] -2exLlog[x] Log[d+eXx] -

dlog[d+ex]?-exlog[d+ex]?+dLog[x] Log[d+ex]?+exLog[x] Log[d+ex]?-
ex ex ex

dlog|[- —] Log[d+ex]?-2dLog[x] Log[1+—| -2dPolylog|2, - — ]| -
d d d

e Xx e X
2dLog[d+ex] PolyLog[2, 1+ —| +2dPolyLog|3, 1+ —}] +b3mn?
d d

(6d+24ex76exLog[x} -18d Log[d+ex] -18exLog[d+ex] +6exLog[x] Log[d+ex] +

6dLog[d+ex]?+6exlog[d+ex]2-3dLog[x] Log[d+ex]%2-3exLog[x] Log[d+ex]?+
3dLog[—g] Log[d+ex]2-dLog[d+ex]3-exLlog[d+ex]?+dLog[x] Log[d+ex]>+
d

e X e X
exLog[x] Log[d+ex]®-dLog[-—| Log[d+ex]?+6dLog[x] Log[1l+—] +
d d
e X e Xx
6dPolylog[2, - —] -3d (-2+Log[d+ex]) Log[d+ex] PolyLog[2, 1+ — | -
d d

e x e x e x
6dPolylog[3, 1+ —] +6dLog[d+ex] PolyLog[3, 1+ — | - 6dPolyLog[4, 1+ 7]))
d d d

Problem 394: Result more than twice size of optimal antiderivative.
J(a+bLog[c (d+ex)”])2 (f+gLoglh (i+3jx)"]) dx

Optimal (type 4, 649 leaves, 41 steps):
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2b%2fn (d L d n
-2abfnx+4abgmnx+2b*fnix-6b>gmn?x- n(d+ex) Log[c (d+ex] ]+
e

4b2gmn (d+ex) Log[c (d+ex)"] df (a+blog|c (d+ex)””2
N _
e e

gm(d+ex) (a+blogfc (d+ex)"])? 2bgimn (a+blog[c (d+ex)"]) Log[eeii;’; ]

e ) ]

dgm (a+blog|c <d+ex)“])2Log[%ﬁ?’fL} gim (a+blog|c (d+ex)”])2Log[%§?ﬂ]
+

e J
2b%gn? (i+3jx) Log[h (i+3x)"] 2b2dgn2Log[—jﬁif—Z;L] Log[h (i+3x)"]

j e
d bL d ") Loglh (i+3x)"
2bgnx<a+bLog[c <d+eX>n” Log[h (i+jX>m}+ g(a+ og[c( +eX> ]) Og[ (1+JX> } N
e
2b2gimn?PolyLog|2, 7:‘4&_3@]
x(a+bL0g[c (d+ex)”])2(F+gLog[h (i+jx>m”‘ . -
J

2bdgmn (a+blog[c (d+ex)"]) PolyLog|2, ,J_(_)_e‘:t:; ]

e

2bgimn (a+blogfc (d+ex)"]) PolylLog|2, ‘]ﬁfi—Z?] 2b2dgmn?Polylog|2, %i—f;?—]

Jj . e

2 2 _ i(drex) 253 2 _ j(drex)
2b2dgmn?PolyLog|3, i | 2b2gimn?PolyLog|3, g ]

e j

Result (type 4, 1405leaves):
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ej

-2abdfjn+2abdgjmn+2b’dfjn®-4b’dgjmn®+a’efjx-

a’egjmx-2abefjnx+4abegjmnx+2b?efjn’x-6b2egjmn®x+
2abdfjnlog[d+ex] -2abdgjmnlog[d+ex] +2b>dgjmn?Log[d+ex] -
b>dfjn’Llog[d+ex]?+b*dgjmn®Log(d+ex]>-2b*dfjnLog[c (d+ex)"] +
2b’>dgjmnlog[c (d+ex)"| +2abefjxLlog[c (d+ex)"|-2abegjmxLog[c (d+ex)"]| -
2b?’efjnxlog[c (d+ex)"| +4b’egjmnxLog|c (d+ex)"] +

2b>dfjnlog[d+ex] Log|c (d+ex)"] -2b>dgjmnLog[d+ex] Log[c (d+ex)"] +
b’efjxLog|c (d+ex>"}2—b2egjmeog[c (d+ex)”]2+a2egimLog[i+jx} -
2abegimnlog(i+jx]+2abdgjmnlog[i+jx]+2b%egimn?Llog[i+jx]-
2b’dgjmn?Log[i+jx] -2abegimnlog[d+ex] Log[i+]x]+

2b’egimn?Log[d+ex] Log[i+jx]-2b’dgjmn?Log[d+ex] Log[i+]x] +
b>’egimn?Log[d+ex]?Log[i+]jx]+2abegimlog|c (d+ex)"] Logl[i+jx] -
2b’egimnlog[c (d+ex)"| Log[i+jx]+2b>dgjmnLog[c (d+ex)"]| Log[i+]x] -
2b’egimnlog[d+ex] Log|c (d+ex)"] Log[i+jx] +b’egimlog|c <d+ex)”]2Log[i+jx] +

i E<i+jx) 9(i+jx)
2abegimnlog(d+ex] Log[— ] -2abdgjmnLog[d+ex]Log[— |-
ei-dj ei-dj
2b2€gimn2|—°g[d+ex] Log[M] +2b2dgjmn2L0g[d+ex} LOg[M ~
ei-dj ei-dj
pegimn? Logid s ex1?Log] X)) L 2 dgimn? Logid s ex)? Log| ST
ei-dj ei-dj
2b’egimnLog[d+ex] Log[c (d+ex)"] Log[M] )
ei-dj

2b>dgjmnlog(d+ex] Log[c (d+ex)"] Log| i dj | -2abdgjnlog[h (i+3x)"]+
2b?’dgjn’loglh (i+jx)"| +a?egjxLloglh (i+jx)"| -2abegjnxtloglh (i+jx)"] +
2b%egjn?xLoglh (i+jx)"] +2abdgjnLog[d+ex] Loglh (i+3jx)"] -
b>dgjn’Log[d+ex]?Log[h (i+jx)"] -2b>dgjnlog[c (d+ex)"]| Log[h (i+3x)"]+
2abegjxLogfc (d+ex)"] Log[h (i+jx)"] -2b%egjnxLlog|c (d+ex)"]| Log[h (i+3x)"]+
2b?>dgjnlog[d+ex] Log|c (d+ex)"| Loglh (i+3x)"] +

b’egjxLlog|c (d+ex>“}2Log[h (i+jx)"] +2bg(ei-dj)jmn(a-bn+bloglc (d+ex)"])

: (g (g
PolyLog[z, w] +2b2g (—ei+dj) m n2 F’OlyLog[3, J ( +ex)

—ei+dj —ei+dj

Problem 397: Result more than twice size of optimal antiderivative.

J x

(a+bLoglc (d+ex)”])3 (f+gloglh (i+3x)"]) dx

Optimal (type 4, 2050 leaves, 148 steps):

6ab’dfn?x 12ab’dgmn?x 21ab’gimn?x 6b3dfnx

- + + + -
e e 43 e

141b3dgmn3x 45b3gimn3x 3 3b°fn® (d+ex)?

+—b3gmn3x? - +
8e 83 8 8 e?
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- +
8 e? 8 e? e?

12b*dgmn? (d+ex) Log[c (d+ex)"] 21b*gimn? (d+ex) Log[c (d+ex)"]
N _

3b>gmn® (d+ex)® 3b3d?gmn’log[d+ex] 6b>dfn?(d+ex) Log[c(d+ex)"]
+

e? 4dej
3b2fn? (d 2 bL d "
ibzgmnzx2 (a+bLogf[c (d+ex)"]) + n* (dvex)” (arbloglc (d+ex)"]) -
8 4¢e?
3b2gmn? (d+ex)® (a+blogfc (d+ex)"]) 3bdfn(d+ex) (a+blog|c (d+ex)””2
. _
4 e? e?

15bdgmn (d+ex) (a+bLog|c (d+ex)"])279bgimn (d+ex) (a+blog[c (d+ex)"])

2

4 e? 4ej
3bfn(d+ex)’ (a+blog[c(d+ex)"])® 3bgmn(d+ex)?(a+bloglc (d+ex)"])
4 e2 ' 4 e2 )
d*f (a+bLog|c (d+ex)”])3 dgm (d+ex) (a+blogfc (d+ex)"])
2 e? : 2¢e?

gim(d+ex) (a+blogc (d+ex)“])3 o gm (d+ex)? (a+bLog[c (d+ex)"])

2

3

+

3

+

2ej 4¢e?
3b3giZmn’ Log[i + j X 3b2gi?mn? (a+blog|c (d+ex)"])Log[%§L]
8 32 432
9b2dgimn? (a+blog|c (d+ex)”])Log[%ﬁ?’_‘)—]
2ej
9bd2gmn (a+bLlogc (d+ex)“”2Log[%ﬁ?>—]
4 g2
3bgi2mn (a+blog|c (d+ex>”})2Log[%—§L]
432
3bdgimn (a+blog[c (d+ex)"])* Log[ = 2] dzgm(a+b'-°g[c(d+ex>n”3'-°g[%?]_
2ej 2¢e?
gi’m (a+bloglc (d+ex)"])’ Log[&Edx]
| | ")) e1-dd —§b3gn3x2Log[h(i+jx)"‘}+
242 8
21b>dgn® (i+7x) Log[h (i+3x)"] 21b°d*gn’Log[- T [ Log[h (i+3x)"]
4ej 4 e?
9b2dgn?x (a+blogf[c (d+ex)"]) Log[h (i+3jx)"]
N
2e

Ebzgnzx2 (a+bLlogfc (d+ex)"]) Log[h (i+3x)"] +
4

9bd?gn (a+blogfc (d+ex)"])?Log[h (i+3x)"]

N
4 e?

3bdgnx (a+blog|c (d+ex)””2Log{h (1+3x)"]
2e
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Zbgnxz (a+blog[c (d+ex)"])?Loglh (i+3x)"] -

d’g (a+blog[c (d+ex)"])’ Log[h (i+3x)"]

2e? i
3b%>gi?mn?Polylog|2, - 14|

EXZ <a+bLog[c (d+ex>n”3(f+gLog[h <i+jx)m])— eidj |

2 43
b dg o Polylog[2, - LS| 9b2atgmn (2 bLog[c (dv ex)"]) PolyLog[2, - Lex]
ei-dj B ei-dj
2ej 2e?
3b2gi?mn? (a+blog[c (d+ex)"]|) PolyLog|2, —J;(:t—:;()‘} .
252
3b2dgimn? (a+bLog[c (d+ex)”]) Polylog|2, —Jéji—z;()‘}
ej
3bd?gmn (a+bLlogc (d+ex)"”2P01y|—0g{2: —Jﬁfﬁ—jﬂ i
2e?
3bgi2mn (a+bLogc <d+ex)“})2PolyLog[2, —jj‘ijj—zgf)-} ) 21b*d? gmn® PolyLog|2, —(—J—)-eeijd’]‘ ]
2j2 4e2
9b%d> gmn®Polylog[3, - 14%-]  3b>gi’mn’ Polylog[3, - TL{2x ]
ei-dj B ei-dj B
2e2 2 32
3b3dgimn3PolyL0g[3, ,Jﬁi—zz‘)—} ) 3b2d2 gmn? (a+bLog[c (d+ex)”]) PolyLog[B, B ejtj’; }
ej e
3b2gi2mn? (a+bLog[c (d+ex)n]) PolyLog|3, —Me:t:;f ]
jZ
3b3d2gmn? PolyLog[4, —M} 3b3giZmn? PolyLog[4, _ idiex }
ei-dj ei-dj
e? ) j?

Result (type 4, 4971 leaves):
1

8e2j2

-12a’bdegijmn+36ab’degijmn®+24ab®d’gj’mn®-42b>degijmn®-60b3d>gj’mn3+

4a%e’gijmx+12a’bdefj’nx-18a’be’gijmnx-18a’bdegj’mnx-36ab®defj?n®x+
42ab’e?gijmn®x+84ab’degij’mn®x+42b>defj’n®*x-45b3e?gijmndx-
135b3degj’mn®x+4ate?fj?x?-2a%e’gj’mx?-6a’be’fj’nx*+6a’begji’mnx?+
6ab’e?fj’n?x?-9ab’e?gj’mn?x?-3b3e?fj’n*x?+6b>e?2gj’mn3x-
12a’bd?’fj?nlog[d+ex] +12a’bdegijmnlog[d+ex] +6a’bd’>gj’mnlog[d+ex] +
36ab?d’fj’n’Llog[d+ex] -12ab’degijmn?Log[d+ex] -48ab’>d?>gj’mn?Log[d+ex] -
42b3d?>fj?n3Log(d+ex] +6b3>degijmn3Log[d+ex] +69b3>d2gj?mn’Log[d+ex] +
12ab?d?*fj?n?Log[d+ex]?-12ab’degijmn®log[d+ex]?-6ab®>d>gj?mn?®Log[d+ex]?-
18b>d?fj’nLlog[d+ex]?+6b>degijmn’®Llog[d+ex]?+24b3d?>gj?mn3Log[d+ex]?-
4b3d?>fj?n’Log[d+ex]®+4b3degijmndLog[d+ex]3+2b3d>gj?mn’Log[d+ex]>-
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24ab’degijmnlogfc (d+ex)"] +36b>degijmn?Log[c (d+ex)"] +
24b°d>gj*mn’Log[c (d+ex)"] +12a’be’gijmxLlog[c (d+ex)"] +

24ab’defj’nxlog|c (d+ex)"] -36ab’e’gijmnxLlog[c (d+ex)"] -
36ab’degj’mnxLlog|c (d+ex)"| -36b>defj>n?xLlog|c (d+ex)"] +
42b*e’gijmn?xlog[c (d+ex)"| +84b>degj’mn?xLog[c (d+ex)"| +

12a’be’ fj?x* Log[c (d+ex)"] -6a*be?gj>mx* Log[c (d+ex)"] -

12ab’e®fj?nx® Log[c (d+ex)"| +12ab*e’gj’>mnx* Log[c (d+ex)"] +

6b>e’ f3j’n?x? Log[c (d+ex)"] -9b>e?gj>mn’x? Log[c (d+ex)"] -
24ab>d*fj’nlog[d+ex] Log[c (d+ex)"| +24ab’degijmnlog(d+ex] Logfc (d+ex)"] +
12ab’d’gj’mnLogld+ex] Log[c (d+ex)"| +36b*>d®fj*n’ Log[d+ex] Log[c (d+ex)"]
12b°degijmn®Log(d+ex] Log[c (d+ex)"| -48b*>d?gj?mn? Log[d+ex] Log[c (d+ex)"]
12b°d?f j?n’ Log[d +ex]?Log[c (d+ex)"]| -12b’degijmn? Log[d+ex]?Log[c (d+ex)"]
6b>d’>gj>mn? Log[d+ex]?Log[c (d+ex)"| -12b>degijmnLog|c (d+ex>”}2+

12ab’e’gijmxLog|c (d+ex)”]2+12b3defj2nxLog{c (d+ex)"}2—

=

+

18b*e’gijmnxLog|c (d+ex)”]2—18b3degj2mnxLog[c (d+ex)"|"+
12ab’e? fj2x? Log|c (d+ex)”}2—6ab2e2gj2mx2Log[c (d+ex)”}2—
6 b3 e? f 32 n x? Log|c <d+ex>”]2+6b3e2gj2mnx2Log[c <d+ex)“]2—
12b*d?f j?n Log[d + e x] Log|c (d+ex)”}2+12b3degijmnLog[d+ex1 Log[c (d+ex>”}2+
6b>d?gj?mnLog(d+ex] Log|c (d+ex)”]2+4b3e2gijmeog[c (d+ex)”]3+

4b%e? £ 32 x* Log[c (d+ex)”}3—2b3e2gj2mx2Log[c (d+ex)”}3—4a3e2giszog[i+jx] +
6a’be’gi’mnlog[i+jx] +12a’bdegijmnLlog[i+jx]-6ab’®e?gi?mn?Log[i+jx] -
36ab’degijmn®log[i+jx] +3b%e?gi?mn’Llog[i+jx] +42b>degijmn®Log[i+jx]+
12a’be’gi’mnlog[d+ex] Log[i+jx] -12ab%?e?gi?mn?Log[d+ex] Log[i+]x] -
24ab’degijmn?Llog[d+ex] Log[i+jx]+6b3>e?gi?mn3Log[d+ex] Log[i+]x]+
36b>degijmn®Llog[d+ex] Log[i+jx] -12ab%e’gi?mn?Log[d+ex]?Log[i+]x] +
6b3e?gi?mn’®Log[d+ex]?Log[i+jx]+12b3degijmn’Log[d+ex]?Log[i+]x] +
4b’e?gi’mn®Log[d+ex]?Llog[i+jx]-12a’be’gi’mlog|c (d+ex)"| Log[i+]x] +
12ab’e?’gi’mnLogfc (d+ex)"| Log[i+jx] +24ab’degijmnLog[c (d+ex)"] Log[i+jx] -
6b>e’gi’mn®Log[c (d+ex)"| Log[i+Jjx] -36b>degijmn®Log|c (d+ex)"] Logl[i+jx] +
24ab’e’gi’mnLog[d+ex] Log[c (d+ex)"| Log[i+Jx] -

12b°e?gi?mn® Log[d+ex] Log[c (d+ex)"]| Log[i+Jx] -

24b*degijmn®Log[d+ex] Log[c (d+ex)"]| Log[i+jx] -

12b°e?gi’mn® Log[d+ex]?Log[c (d+ex)"] Logl[i+jx] -

12ab’e’gi’mlLog|c (d+ex)”]2Log[i+jx] +6b*e’gi?mnLog|c (d+ex)”}2Log[i+jx1 +
12b*degijmnlog|c <d+ex)”]2Log[i+jx] +

12b*e?gi’mnLog[d+ex] Log|c <d+ex)”}2Log[i+jx] -

4b*e’gi’mlog|c (d+ex)”}3Log[i+jx} -12a’be’gi?mnlog[d+ex] Log[@] +
ei-dj
12a’bd?>gj?mnLog[d+ e X] Log[M] +12ab%e?gi?mn? Log[d + e X] Log[M] +
ei-dj ei-dj
24ab’degijmn?Log(d+ex] Log[M] -
ei-dj
e (i+jx) e (i+jx)

36ab*d’gj*mn? Log[d +ex] Log]| | -6b*e?gi?mn®Log[d+ex] Log|

ei-dj ei-dj

} _
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36b’degijmn’Llogld+ex] Log[m} +42b3d>gj*mn® Log[d + e x] Log[M} .
ei-dj ei-dj

12ab2e2gizmn2Log[d+ex]2Log{M} _
ei-dj
12ab2¥gj2mnﬂngw+ex]2uw{siiilil}—6b3égizmmLogw+ex12u%[5iiilfl _
ei-dj ei-dj

e (i+3x) e (i+3jx)

12b*degijmn®Log[d+ex]?Log| | +18b>d*g j?mn’ Log[d + e x]? Log| | -

ei-dj ei-dj

]_

e (i+jx) e (i+jx)

| +ab>d?>gj*mn’ Log[d +ex] Log]|

4b*e?gi?mn®Log(d+ex]?Log|
ei-dj ei-dj

24ab’e’gi’mnLogld+ex] Log[c (d+ex)"] Log[M +
ei-dj

24ab’>d’gj’mnLogld+ex] Log[c (d+ex)"] Log[M +
ei-dj

e <i+jx>

|+

|+
-
|+
|+

12b’e?gi’mn® Log[d+ex] Log[c (d+ex)"] Log|
ei-dj

24b°degijmn®Logld+ex] Log[c (d+ex)"| Log|
ei-dj
36 b’ d? g j?mn? Log[d + ex] Log|c (d+ex)”]Log[4e [1+3x)
ei-dj
12b°e?gi*mn® Log[d+ex]?Log[c (d+ex)"] Log|
ei-dj
12b*d?gj>mn? Log[d + e x]? Log|c (d+ex)”]Log[7e<l+JX)
ei-dj
12b*e’gi’mnlLog[d+ex] Log|c <d+ex)”}2Log[M
ei-dj
12b*d’gj*mnLog[d+ex] Log|c <d+ex)“}2Log[—e [1+3x)
ei-dj
12a’bdegij? nxLog[ (1+jx)m]—36ab2degj2n2xLog[h (i+3x)"] +
42b3degj n xLog[ (i+3x)"] +4a’e?gj*x?Loglh (i+jx)"] -
6a’be?gj’nx*Loglh (1+Jx)"']+6ab2e2gjzn2x2Log[ (i+3x)"] -
3b3e2g]2n3x2Log[ (i+3x)"] -12a’bd*gj? nLog[d+ex} Loglh (i+3x)"] +
36ab’d?gj?n’Log[d+ex] Log[h (i+3x)"] -42b*>d?gj?n’Log[d + e x] Log[ (i+3x)"] +
12ab’>d’gj®n’Logld+ex]?Log[h (i+jx)"] -18b°d*gj*n’Log[d+ex]?Log|h (i+3jx)"] -
4b°d>gj*n®Log(d+ex]®Loglh (i+jx)"] +24ab’degj’nxlog|c (d+ex)"]

Log[ (i+3x)"] -36b*degj®n*xLog[c (d+ex)"] Log[h (i+3jx)"] +
12a’be?gj?x?Log[c (d+ex)"] Log[h (i+jx)"] -12ab’e?gj?nx? Log[c (d+ex)"]
Loglh (i+3jx)"] +6b*e’gj?n>x*Log|c (d+ex)"| Log[h (i+3x)"] -

24 ab? d? g j2 nLog[d+ex} Log[c (d+ex)"| Log[h (i+3x)"] +

36 b>d>gj>n? Log[d + ex] Log[c (d+ex)"] Log[h (i+3x)"] +
12b°d*>gj*n’ Log(d+ex]*Log[c (d+ex)"| Log[h (i+3x)"] +
12b*degj’nxLog|c c(d+ex)” ] Log|h (1+jx) |+
12ab?e2gj?x2 Log[c (d+ex)"|*Log[h (i+3x)"] -
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6 b3 e? g j2nx? Log|c (a+ex>;‘]2Log[h (i+jx)ﬂ -12b3d?>gj®nLog[d+ex]

Log|c (d+ex)”]2Log[h (i1+3x)"] +4b°e?gj?x? Log|c (d+ex)"]3Log[h (1+3x)"] -

6bg(ei-dj)mn (Za2 (ei+dj)-2ab(ei+3dj)n+b*(ei+7dj)n*-
2b(-2a(ei+dj)+b(ei+3dj)n)Loglc(d+ex)"]+2b* (ei+dj) Log|c (d+ex>“]2)

j (d
Polylog|2, w] +12b*g (ei-dj) mn?
—ei+dj
j (d
(2a(ei+dj)-b(ei+3dj)n+2b(ei+dj)Log[c (d+ex)"]) PolyLog|3, J<.+ed><? ~
—ei+dj
: (d i
24b3e2gizmn3 PolyLog[4, M] +24b3d2gj2mn3 PolyLog[4, J ( +ex>
-ei+dj -ei+dj

Problem 398: Result more than twice size of optimal antiderivative.
J(a+bLog[c (d+ex)”])3 (f+gloglh (i+3x)"]) dx

Optimal (type 4, 1147 leaves, 64 steps):

6b3fn2 (d+ex) Log|c (d+ex)"
6ab2fn?x-18ab?gmn®x-6b3fn®x+24b3gmndx+ ( ) tog[c | ) ]—
e

18b>gmn? (d +ex) Log[c (d+ex)"] 3bfn (d+ex) (a+blog[c (d+ex)"])

2

+
e e

6bgmn (d+ex) (a+blog|c (d+ex)”])2 df (a+blog|c (d+ex)"})3

+ —

e e
gm(d+ex) (a+blog[c (d+ex)"])? +6b2gimn2 (a+blog[c (d+ex)"]) Log[%?’f)—] .
e J
3bdgmn (a+bLog|c (d+ex)”})2Log[%ﬁg—]’fL]
e
3bgimn (a+blogfc (d+ex)"])*Log[= -] dgm (a+blog[c (d+ex)"])’ Log[ o]
j e
gim(axblogfc(drex)"])”Log[ ] 6b2gn? (i+3x) Log[h (i+3x)"] )
J ]
6b3dgn3Log[fj;(‘ijt—§;fL] Log[h (i+3x)"]

. +6b2gn2x(a+bLog[c (d+ex)n])Log[h(i+jx)m]f
3bdgn (a+bLog{c (d+ex)”])2Log{h (i+jx)m}

3bgnx (a+blog[c (d+ex)"])?Log[h (i+3x)"] +
dg <a+bLog[c (d+ex)"])3Log[h (i+jx)’"] .

e

6b3gimn3 PolyLog[Z, —M]
ei-dj

x (a+bLogc (d+ex)"])3(f+gLog[h (1+3x)"]) + ;



142 | Mathematica 11.3 Integration Test Results for 3.3 u (a+b log(c (d+e x)”~n))”p.nb

6b2dgmn? (a+bLlog[c (d+ex)"]) PolyLog|[2, - 114X ]

eidj J
e
6blgimn? (a-blog[c (d+ex)"]] Polylog[2, - diex]
j
3bdgmn (a+bLog|c (d+ex>"})2PolyLog[2, 7%?—3?]
e
3bgimn <a+bLog[c (d+ex>"})2PolyLog[2, ,M@L] 6b%d gmn3 Polylog|2, &six
ei-dj . ei-dj B
] e
6b3dgmn? Polylog|3, —Jﬁf—ij] 6b%gimn? Polylog[3, - ef:; ]
.
€ J
6b2dgmn? (a+blog[c (d+ex)"]|) PolyLog|3, —Jé‘jt—zg‘ﬂ
e
6b2gimn? <a+bLog[c (d+ex)“]) PolyLog|3, 73'??—3;@}
j
6b>dgmn®PolyLog[4, - 119X ] gb3gimn? PolyLog|4, - 1ldex) ]
ei-dj ei-dj
€ J

Result (type 4, 3326 leaves):

1

— |-3a’bdfjn+3a’bdgjmn+6ab*dfjn*-12ab’dgjmn*-6b’>dfjn’+

€]
18b3dgjmn®+alefjx-alegjmx-3a’befjnx+6a’begjmnx+6ab?efjn?x-
18ab?egjmnix-6b>efjn®x+24blegjmn3x+3a2bdfjnlog(d+ex] -
3a’bdgjmnlog[d+ex] +6ab’dgjmn?Llog[d+ex] -6b>dgjmn3Log[d+ex] -
3ab?dfjn?log[d+ex]2+3ab’dgjmn?Llog[d+ex]?>-3b3dgjmn3Log[d+ex]?+
b>dfjn’Llog[d+ex]®-b>dgjmn®Log[d+ex]®-6ab’dfjnlog[c (d+ex)"]|+
6ab’dgjmnlog|c (d+ex)"] +6b>dfjn?Log[c (d+ex)"| -12b>dgjmn? Log[c (d+ex)"] +
3a’befjxlog[c (d+ex)"] -3a’begjmxLog|c (d+ex)"] -
6ab’efjnxlog|c (d+ex)"| +12ab’egjmnxLog|c (d+ex)"] +
6b>efjn’xLloglc (d+ex)"| -18b%egjmn®xLog[c (d+ex)"] +
6ab’dfjnlog[d+ex] Log[c (d+ex)"] -6ab’dgjmnLog[d+ex] Log[c (d+ex)"]+
6b>dgjmn®Log[d+ex] Log[c (d+ex)"| -3b’>dfjn’Log[d+ex]?Log[c (d+ex)"] +
3b*dgjmn®Log(d+ex]’Log[c (d+ex)"] -3b>dfjnlog|c (d+ex)"]2+
3b>dgjmnLog|c (d+ex)”]2+3ab2efijog[c (d+ex)”]273ab2egjmeog[c (d+ex)“}27
3b%efjnxLog|c (d+ex)”]2+6b3egjmnxLog[c (d+ex)"}2+
3b>dfjnlLogld+ex] Log|c (d+ex>”}2—3b3dgjmnLog[d+ex} Log|c (d+ex>”}2+
b*efjxLog|c (d+ex>”}3—b3egjmeog[c (d+ex)”]3+a3egimLog[i+jx] -
3a’begimnlog[i+jx] +3a’bdgjmnlog[i+jx] +6ab’egimn?Log[i+]jx] -
6ab’dgjmn?Llog[i+jx]-6b%egimnLlog[i+jx]+6b3dgjmn3Logl[i+jx]-
3a’begimnlog[d+ex] Log[i+jx] +6ab’egimn?Log[d+ex] Log[i+]x]-
6ab’dgjmn?Llog[d+ex] Log[i+jx] -6b>egimn3Log[d+ex] Log[i+]x]+
6b>dgjmn’®Log[d+ex] Log[i+jx] +3ab’egimn?Llog[d+ex]?Llog[i+]x]-
3b3egimn®Logld+ex]?Logli+jx] +3b>dgijmn3Log[d+ex]?Logli~+]x]-
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b3egimn3ug[d+ex}3ug[i+jx}+3a beg1mLog[(d+ex)} Log[i+jx] -
6ab’egimnlog|c (d+ex)"| Log[i+jx]+6ab’dgjmnLog|c (d+ex)"] Logli+jx] +
6b>egimn®Log|c (d+ex)"| Log[i+jx]-6b’dgjmn’Log[c (d+ex)"] Log[i+jx] -
6ab’egimnlog(d+ex] Log[c (d+ex)"]| Log[i+Jx] +
6b>egimn®Logld+ex] Log[c (d+ex)"]| Log[i+Jx] -

6b>dgjmn®Log[d+ex] Log[c (d+ex)"| Log[i+Jx] +3b’egimn®Log[d+ex]>

Log|c c(d+ex)” ]Log[1+jx]+3ab2egimLog[c (d+ex)”}2Log[i+jx]—

3b’egimnLog|c (d+ex)] Log[i+jx]+3b*dgjmnLogc <d+ex)”]2Log[i+jx]—
3b3egimnlpg[d+ex}Logh(d+ex)ﬂzlog[i+jx]+b3egimLogk(d+ex)ﬂ3Log[i+jx}+

3¥begimnmgM+ex]Ug[igjjjl}—3¥bdgjmnmgm+ex1u%[igijfl]_
ei-dj ei-dj
6abZEgimn2L0g[d+eX] LOg{M] +63b2dgjmn2Log[d+ex] LOg[M] N
ei-dj ei-dj
6b%eginndLogd-ex] Log[ )| 6b3dgimnd Logldex] Log[ X))
ei-dj ei-dj
3ab2egimn2ug[d+exﬁlpg[iiiilil]+3ab2dgjmmLogw+ex]2u%{iiiilil}+
ei-dj ei-dj
3b3egimn3ug[d+exﬁlﬁg[iiiilil]_3b3dgjmn3ug[d+exﬁlﬁg{iiiilfl]+
ei-dj ei-dj
blegimn’ Log[d+ex13Log[M] -b’dgjmn’ Log[d+ex}3Log[M] R
ei-dj ei-dj
6ab’egimnlogd+ex] Log[c (d+ex)"] Log[M] -
ei-dj
6ab2dgjanogw+ex]Logk<d+ex)wlﬁg[iiiilil]_
ei-dj
6b3egimn2ug[d+ex]Logk(d+ex)ﬂlﬁg[giiilfl
ei-dj
6b*dgjmn?Logld+ex] Log[c (d+ex)n] Log[m] B
ei-dj
BbBEgim“2u¥[d+EXfLogh(d+ex)ﬂ|ﬂg{iiiilfl}+
ei-dj
3b3dgjmn2ug[d+ex]2ug[c(d+ex)ﬂ|ﬁg[giiilfl}+
ei-dj
3b%egimnLlog[d+ex] LOg[c <d+ex)“}2Log[M] B
ei-dj
3b3dgjmnlog[d+ex}Logh(d+ex>wzlﬂg[iiiilfl]_
ei-dj

3a’bdgjnloglh (i+3jx)"| +6ab’dgjn’Log[h (i+jx)"]-

6b>dgjn’Loglh (i+jx)"] +a’egjxloglh (i+jx)"| -3a’begjnxlog[h (i+jx)"]+
6ab’egjn®xLloglh (i+jx)"] -6b>egjn®xLoglh (i+3jx)"]+
3a’bdgjnlog[d+ex] Loglh (i+jx)"] -3ab>dgjn’Log(d+ex]?Loglh (i+jx)"]+
b>dgjn’Log[d+ex]®Log[h (i+jx)"] -6ab’dgjnlog[c (d+ex)"| Log[h (i+3x)"]+
6b>dgjn’Llog|c (d+ex)"| Log[h (i+jx)"| +3a’begjxLog|c (d+ex)"| Log[h (i+3x)"] -
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GabzegjnchL)g[‘c (d+éx>”] Lc;g{h (i+j:xj)’"} +6b3egjn2xl:og\[c (d+le;<)”} L

Loglh (i+jx)"] +6ab>dgjnlog[d+ex] Log[c (d+ex)"] Log[h (i+3jx)"] -
3b>dgjn?log[d+ex]?Log[c (d+ex)"| Log[h (i+3x)"] -

3b>dgjnlLogc <d+ex)"]2Log[h (i+jx)"] +3ab’egjxlog|c (d+ex)”]2Log[h (i+3x)"] -
3begjnxLog|c (d+ex)“]2Log[h (i+3x)"] +3b°dgjnlog[d+ex]

Log|c (d+ex)”]2Log[h (i+3x)"] +b*egjxLog|c (d+ex)”}3Log[h (i+3x)"] +

3bg (ei-dj)mn (az—Zabn+2b2n2+2b (a-bn) Log[c (d+ex)"] +b*Log|c (d+ex)"}2)

j (d
PolyLog|2, i(drex) _
-ei+dj
j(d+ex)
6b’g (ei-dj)jmn® (a-bn+blog[c (d+ex)"|) Polylog[3, ———] +
-ei+dj
: (d i
6b>egimn’Polylog|4, w]76b3dgjmn3PolyLog[4, j(drex)
-ei+d]j —ei+dj

Problem 404: Result more than twice size of optimal antiderivative.
J(a+bLog[c (d <e+fx)m)”])4dlx

Optimal (type 3, 160 leaves, 7 steps):
24b*m>n® (e+fx) Log[c (d (e+fx)")"]

-24ab>m*n®x+24b*m*ntx - . +
12b2m?n? (e+fx) (a+bLlog|c (d (e+1cx)"')”])2
.F
4bmn (e+fx) (a+blogc (d (e+fx)m)“”3 (e+fx) (a+blog|c (d (e+fx)m)”])4
+
f f

Result (type 3, 480 leaves):

1
— (—b“em“n4 Logle+fx]%+
.F

4b3em*ndLogle+fx]3 (a—bmn+bLog[c (d (e+fx)m)”]) -6b%2em?n?Logle+fx]?
(a2—2abmn+2b2m2n2+2b (a-bmn) Log[c (d (e+fx)")"] +b? Log[c (d (e+fx)m)”]2) +
4bemnlLogle + f x] (a373a2bmn+6ab2m2n276b3m3n3+3b (a>-2abmn+2b*m?n?)
Log[c (d (e+fx)")"] +3b* (a-bmn) Log|c (d (e+Fx)'")”]2+b3 Log|c (d (e+-Fx)'")”]3) +

f x (a4—4a3bmn+12a2b2m2n2—24ab3m3n3+24b4m4n4+

4b (a®-3a’bmn+6ab>m’n’-6b>m>n®) Log[c (d (e+fx)")"] +

6b> (a®-2abmn+2b’m*n?) Log|c (d (e+-Fx)"')”]2+

4b° (a-bmn) Log[c (d (e+fx)"‘)”}3+b4Log[c (d (e+Fx)"‘)”}4))

Problem 405: Result more than twice size of optimal antiderivative.

J(a+bLog[c (d <e+fx)’")”])3d1x
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Optimal (type 3, 121 leaves, 6 steps):
6b>m?n? (e +fx) Log[c (d (e+Ffx)")"]
; _
3bmn (e+fx) (a+blog|c (d (e+fx)"‘)“”2 (e+fx) (a+blog|c (d (e+-Fx)"')”])3
f ' f
Result (type 3, 268 leaves):

6ab’mn?x-6b3mn3x+

%(b3em3n3Log[e+fx]3—
3b%2em?n? Log[e+fx]? (a—bmn+bLog[c (d (e+fx)m)”]) +3bemnlLogle+ fx]
(azfzabmn+2b2m2n2+2b (a-bmn) Log[c (d (e+fx)")"] +b? Log[c (d (e+fx)m)"]2) +
f x (a3—3a2bmn+6ab2m2n2—6b3m3n3+3b (a>-2abmn+2b>m?n?) Log[c (d (e+fx)")"] +
3b% (a-bmn) Log|c (d (e+fx>’")”}2+b3 Log|c (d (e+fx)"‘)”}3)>
Problem 411: Unable to integrate problem.

J(a+bLog[c (d <e+fx)m)”])5/2d1x

Optimal (type 4, 219leaves, 8 steps):

: 1 bL d f m\n
*i15 b>/2 @ ban m*/2 %2~/ 1 (e+fX) (C (d (e+'FX)m>n>7ﬁEr"FZi.[\/a+ og[c ( (e+ X) ) ]
8f

|+

Vb /m +/n’
15b2m? n? (e +fx) \/a+bLog[c (d (e+Fx)")"]
af i
Sbmn (e+fx) (a+blog|c (d (e+fx)m)”})3/2+ (e+fx) (a+blog|c (d (e+fx)m)"})5/2
2f f

Result (type 8, 24 leaves):

J(a+bLog[c (d <e+fx)m)”])5/2d1x

Problem 412: Unable to integrate problem.
J(a+bLog[c (d <e+fx)m)"])3/2d1x

Optimal (type 4, 176 leaves, 7 steps):

iSba/ze'ﬁm3/zn3/zﬁ(e+Fx) (c (d (e+fx)m>“)‘m17|5r-fi[\/a+bL°g[c (d (e+-FX) ) ]
Vb
3bmn (e+fx) \/a+bLog[c (d (e+fx)m)n] <e+-Fx) (a+bLog[c (d (eﬂcX)m)n”yz

+

2f f

] _

Result (type 8, 24 leaves):
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J(a+bLog[c (d <e+fx)m)”])3/2dlx

Problem 413: Attempted integration timed out after 120 seconds.
J\/a+bLog[c (d (e+Fx)")"] dx

Optimal (type 4, 139leaves, 6 steps):

—iﬁefmﬁﬁﬁ (e+fx) (c(d (e+-Fx)'“)")’ﬁEr‘-Fi[\/a+bLog[c (d (e fx)7)"] |+
2 Vo i Vi

(e+fx) \/a+bLog[c (d (e+fx)")"]
f

Result (type 1, 1leaves):
2?2

Problem 432: Result more than twice size of optimal antiderivative.

dx

(a+bLog[c (d (e+Fx)p)q])2
J g+hx
Optimal (type 4, 123 leaves, 5steps):

(a+bLog[c (d (e+fx)p)q”2Log[m*h—Xl]

fg-eh
h
2bpgq (a+blog[c (d (e+fx)P)]) PolyLog|2, ‘%ﬁ] 2 b2 p? g2 Polylog|3, —h—{(:—::)—]
h ) h

Result (type 4, 324 leaves):
ﬁ a’log[g+hx]-2abpqlog[e+fx]Log[g+hx] +

b?p? q* Log[e+fx]?Log[g+hx] +2ablog|c (d (e+fx)?)] Loglg+hx] -
2b>pqlogle+fx] Log[c (d (e+fx)P)?] Log[g+hx] +b*Log[c (d (e+Fx)p)q]2Log[g+hx] +

flg+h flg+h
2abpqmgM+fx]mgpigi—ﬁﬂAbzﬁqugM+fﬂ2u¥[_Eﬁ_ll +
fg-eh fg-eh
f h
2b2pqLogM+fx]Logh(d<e+fxy>ﬂlﬂg[_i§i_fl +
fg-eh

2bpgq (a+blog|c (d(e+fx)P)]) PolyLog|2, | -2b%p? g? Polylog|3,

-fg+eh -fg+eh

]
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Problem 437: Result more than twice size of optimal antiderivative.
J(a+bLog[c (d <e+fx)p)q])3dlx

Optimal (type 3, 121 leaves, 6 steps):
6ab2p?gix-6b3p3qdx+ 6b°p?q’ (e+-Fx) L(:Cg{c (d <e+fx)p>q] 3
2

3

3bpq (e+fx) (a+blogfc (d(e+fx)P)?]) . (e+fx) (a+blog[c (d(e+fx)P)%])

f f

Result (type 3, 268 leaves):
%(b3ep3q3Log[e+-Fx]3f
3b*ep’qg’logle+fx]? (a-bpqg+blogfc(d(e+fx)P)9])+3bepqlogle+fx]
(a2—2abpq+2b2p2q2+2b (a-bpaq) Log[c (d (e+fx)P)?] +b?Log[c (d (e+fx)p>q]2> +
fx (a3—3a2bpq+6ab2p2q2—6b3p3q3+3b (a>-2abpqg+2b’p?q?) Log[c (d (e+fx)P)%] +
3b* (a-bpgq) Log|c (d (e+fx)p)q}2+b3Log[c (d (e+fx)p)q}3))

Problem 438: Result more than twice size of optimal antiderivative.

dx

(a+bLog[c (d (e+fx)p)q])3
J g+hx
Optimal (type 4, 177 leaves, 6 steps):

(a+bLog[c (d (e+fx)p)q”3Log[ﬂg”‘—x)—]

fg-eh
h
3bpq (a+blog[c (d(e+fx)?)?])?PolyLog|2, —“ﬁ:ﬁﬁﬂ
h
6 b2 p? g2 (a+bLog[c <d (e+fx>p)q” polyLog[B, —%:ﬁ” . 6b3p3q? PolyLog[4, —h—f‘:ﬁ%
h h

Result (type 4, 646 leaves):



148 | Mathematica 11.3 Integration Test Results for 3.3 u (a+b log(c (d+e x)”~n))”p.nb

1
— |a’Log[g+hx] -3a’bpqglog[e+fx] Log[g+hx]+3ab?p?qg®Logle+fx]?Log[g+hx] -
h

b’ p? q® Log[e + fx]?Log[g+hx] +3a*blog[c (d (e+fx)P)9]| Log[g+hx] -
6ab’pqlogle+fx]Log[c (d(e+fx)P)? Loglg+hx]+
3b%p®q® Log[e+fx]?Log[c (d (e+fx)P)?] Log[g+hx] +3ab’Log[c (d (e+fx)P)?]
lpgm+hx]73ﬁpqLogM+fx}mgk(d(e+f@pw]ﬁﬂgm+hx}+

f (g+hx)

b3 LOg[C <d (e+fx>p)q}3Log[g+hx] +3a’bpgqglogle +fx] Log[ﬁ _
g-e

2

f h ¢ "
M]+bsp3q3LOg[E+fX}3Log[M N
fg-eh fe_eh
f (g+hx>
fg-eh
f (g+hx)
- |t
fg-eh

f h
3b3pqmgm+fx]mgh(d(e+fﬂpw]2mg[ff+e:>]+

3ab?p?q?Logle +fx]?Log|
6ab’pqlogle+fx]Log[c (d(e+fx)P)% Log|

3b3p2¥lpg[e+Fx12ug[c<d(e+fx>ﬂq}Log[

3bpgq (a+blog[c (d (e+Fx)p)q])2PolyLog[2, ] -
-fg+eh
h f
6b>p’>q® (a+bLlog[c (d (e+fx)P)9]) PolylLog|3, _jfii_jﬂ_}+
-fg+eh

h f

6b3 p3 q3 POlyLOg[4, M
-fg+eh

Problem 439: Result more than twice size of optimal antiderivative.

dx

Jwa+bLogh(d(e+Fx)ﬂq”3

(g+hx>2

Optimal (type 4, 209 leaves, 6 steps):

(e+Fx)(a+bLogk(d(e+fxﬁ)ﬂ)3_3bqu(a+bL°gk(d<e+fx)wq]ylﬂg[2g$:]
(fg-eh) (g+hx) h(fg-eh)
6b2fp?q® (a+blog[c (d (e+fx]?)) Polylog[2, - /=] e Polyioel: rpen
h(fg-eh) h(fg-eh)

Result (type 4, 444 leaves):
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1
h(fg-eh) (g+hx)

(—3b (fg-eh)pqlogle+fx] (a-bpqlogle+fx]+blog|c (d (e+-Fx)p)q”2+

3bfpqg (g+hx) Logle+fx] (a-bpqlogle+fx]+blog|c (d (e+1:x)p)q”2—
(fg-eh) (a-bpglog[e+fx] +blog[c (d (e+fx)p)q])3—
3bfpqg(g+hx) (a-bpgLogle+fx] +bLog[c (d (e+-Fx)p)q})2Log[g+hx} +

3b>p2q® (a-bpqglogle+fx] +blogfc (d(e+fx)P)])

f h
Log[e+fx] |h (e+fx) Logle+fx]-2f (g+hx) Log[M ~
fg-eh
h (e+fx)
2f (g+hx) Polylog[2, ——— ]| +
-fg+eh
f h
b3p3q® |Log[e + fx]? h(e+-Fx) Log[e+Fx]73f(g+hX) Log[M
fg-eh
h (e+fx) h (e+fx)
6f (g+hx) Log[e+fx] Polylog[2, ———] +6f (g+hx) Polylog[3, —— ] ]
-fg+eh _fg+eh

Problem 441: Result more than twice size of optimal antiderivative.
J(a+bLog[c (d <e+fx)p)q])4d1x

Optimal (type 3, 160 leaves, 7 steps):
24b*p3q® (e+fx) Log[c (d (e+fx)P)T]

+

-24ab3p>g®x+24b*ptqix-

£
12b2p?q? (e+fx) (a+blog|c (d (e+fx)p)q])27
f
4bpq (e+fx| (a+bLog[c (d (e+fx)p)q}>3 . (e+Fx) (a+bLog[c (d (e+Fx)p)q])4
f f

Result (type 3, 480 leaves):
%(—b4ep4q4Log[e+-Fx}4+
4b’ep’q’Llogle+fx]® (a-bpg+blog|c (d(e+fx)?)?])-6b>ep’qg®Logle+fx]?
(a2—2abpq+2b2p2q2+2b (a-bpaq) Log[c (d (e+fx)P)?] +b’Log[c (d (e+1=x)p)q]2) +
4bepqlogle+fx] (a3—3a2bpq+6ab2p2q2—6b3p3q3+3b (a>-2abpg+2b*p®q?)
Log[c (d (e+fx)P)?] +3b? (a-bpgq) Log[c (d (e+-Fx)'°)q]2+b3Log[c (d (e+fx)p)q]3) +
fx (a4—4a3bpq+12a2b2p2q2—24ab3p3q3+24b4p4q4+
4b (a’-3a’bpq+6ab>p’q’-6b°p>q®) Log[c (d (e+fx)P)?] +
6b? (a®-2abpq+2b?p?q®) Log|c (d (e+fx)p)q]2+
4b° (a-bpgq) Log[c (d (e+fx)p)q}3+b4Log[c (d (e+fx)p)q}4))
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Problem 442: Result more than twice size of optimal antiderivative.

dx

(a+bLogfc (d(e+fx)?)9])*
J g+hx
Optimal (type 4, 231 leaves, 7 steps):

(a+bLog|c (d (e+fx)p)q”4Log[ﬂf§t2—:L]

h

4bpqg (a+bloglc (d (e+Ffx)?)9])° PolyLog|2, *h_f(:ﬁ)‘}

h

12b2p?q? (a+bLog[c (d (e+Fx)p)q])2PolyLog[3, _herfx)

fg-eh

]

h

24b3p3q® (a+bloglc (d (e+fx)P)?]) PolyLog |4, - Pie-fx

fg-eh

24 b* p* g* PolyLog|5, -

h (e+fx)
fg-eh

]

h

Result (type 4, 1095 leaves):

h
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1
— |a*Log[g+hx] -4a’bpqglog[e+fx] Log[g+hx] +
h

6a’b?p2qg®Llogle+fx]?Log[g+hx] -4ab>p>qg’®Log[e+fx]3Log[g+hx] +
b* p* q* Log[e + fx]*Log[g+hx] +4a*blog[c (d (e+fx)P)9]| Log[g+hx] -
12a’b?pqlogle+fx] Log[c (d (e+Ffx)P)?] Log[g+hx] +

12ab®p?q? Log[e + fx]2 Log[c (d (e+fx)P)?] Log[g+hx] -
4b*p®g° Logle + fx]’ Log[c (d (e+fx)P)?] Log[g+hx] +

6 a2 b? Log|c (d(e+fx)ﬂq]2ug[g+hx}—

12ab’pqlogle+fx] Log|c (e+fx)ﬂquﬁg[g+hx}+

6 b* p2 g Log[e + fx]? Log|c (e+fx>wquogw+hx]+
4ab’Log|c (d (e+fx)P)9]

(d (e+fx)P )]ﬂ@g@+hx]+b“ﬁgh(d(e+FﬂpW}ﬁmgm+hx}+

4b*pqlogle+fx] Log|c
f h f h
Algi—il]—6a2¥p2&Logm+fx]2ug[4i§:—il}+
fg-eh fg-eh
f h f h
—lg:;—flﬂ —b4p4q4Log[e*—fx}4Log[4—&ii44§l +
fg-eh fg-eh
F(g+hﬂ]
fg-eh
f(g+hx)
- | +
fg-eh
f (g+hx)
- | +
fg-eh
F(g+hﬂ]
fg-eh
f (g+hx)
- | +
fg-eh
f (g+hx)
- | +
fg-eh
h (e+fx)

og[g+hx] -

(d
(d
L
(
4a*bpgqlogle+fx] Log|
4ab’p?q®Logle+ fx]*Log]|
12a’b>pqlogle+fx] Log[c (d (e+fx)P)?] Log|
12ab’p?q* Log[e+fx]?Log[c (d (e+Fx)P)9] Log|
4b*p?q® Logle + fx]? Log[c (d (e+Fx)P)T] Log|
12ab’pgqlogle+fx] Log|c (d (e+fx)p)q}2Log[
6b4ﬁq2ug[e+Ffoogh<d(e+fxw)ﬂ2Log[
4b4pqmgm+fx]Mgh(d(e+FﬂpW]BMg[

4bpq(a+bLogh(d(e+FxV)ﬂ)3deuE[L
-fg+eh

h f
12b2p2q2<a-+bLog[c(d(e-rfx)ﬂq})zPolyLog[B,-—iSi——il}+
-fg+eh
h f
24 ab®p® g® Polylog|4, —jfii;jg— +
-fg+eh
he+f h(e+f
24b%p* ¢* Log[c (d (e« £x)P)%] PolyLog[4, M] _24b% p* g PolyLog 5, h{e+fx)
-fg+eh -fg+eh

Problem 443: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[c (d (e+fx)p)q])4

(g+hxf
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Optimal (type 4, 274 leaves, 7 steps):

fg-eh

(e+fx) (a+blog|c (d (e+fx)p)q”4 4bfpq (a+blogfc (d (e+fx)P>q])3Log[ﬂE+h_XL]
(fg-eh) (g+hx) _ h(fg-en) )

126 £p2q? (2 + b Log[c (d (e~ £x)7]°] ) PolyLog 2, - " /&2

h(fg-eh)

24b>fp>q® (a+blog|c (d(e+fx)P)]) PolyLog|3, ‘h_{(:ﬁ)‘}

h(fg-eh)

4 4 -4 7h e+f x
24 b* f p* g* PolylLog 4, J—Lfgieh ]

h(fg-eh)

Result (type 4, 1301 leaves):
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1
h(-fg+eh) (g+hx)

a*fg-a*eh-4a’bfgpqlogle+fx] -4a’bfhpgxlogle+fx] +6a2b?>fgp?qg?logle+fx]?+

6a’b>fhp?g’xlogle+fx]2-4ab3fgp®qg®logle+fx]3-4ab3>fhp3g®>xLlogle+fx]>+
b fgp*q*Llogle+fx]*+b*fhp'q*xlogle+fx]*+4a’bfglog|c (d(e+fx)P)%]-
4a’behlogfc (d(e+fx)P)?] -12a*b?> fgpqlogle+fx] Log[c (d (e+fx)P)?]
12a’b>fhpgxLlogle+fx] Log[c (d (e+Ffx)P)9]+
12ab*fgp?q’Logle+fx]?Log[c (d (e+fx)P)%] +12ab’fhp’qg®xLogle+fx]?
Log[c (d (e+fx)P)?] -4b*fgp’q®Logle+fx]?Log[c (d (e+Ffx)P)T]-
4b4fhp3foogm+fx]ﬁmgh(d(e+Fx)ﬂq]+6a2HFgLogk(d(e+fxﬁ)ﬂ2—
6a’b’ehLogc (d (e+fx)P)%|*-12ab*fgpqlogle+fx] Log[c (d (e+Fx)P)%)*-
12ab3fhpquogm+fx}Logh(d(e+fxw>ﬂ2+
6b4fgp2q2ug[e+fx]2ug[c(d(e+fx)ﬂq]2+
GthpzfXLogm+fx]Hﬁgh(d(e+FxW)ﬂ2+4aNFgLogk(d(e+fxﬁ)ﬂ3—
4ab*ehlog[c (d (e+fx)?)9]° - 4b*fgpqlogle+fx] Log[c (d (e+fx)P)?]”-

4b4fhpquogm+fx}Logk(d(e+fxf)ﬂ3+b4fgLogk<d(e+fxf)ﬂ4f

f h
ot entog[c (4 (e+ £x)7)°|*-aabegpatog L L.
fg-eh
flg+h £ (g+h
4a3bfhpquogﬂ—Ei:4il]+1zazb2fgpqLogk w(e+fx)ﬂq}Log[—i§:—§l N
fg-eh fg-eh
f h
12a2b2thquogk<d(e+fx)ﬂq}Log[_igi_fl}+
fg-eh
f h
1220 g pqLog[c (4 (e Fx)7) 7] Log LS X)L
fg-eh
f h
12ab>*fhpqxLog|c (d (e+fX>p)q]2Log[M .
fg-eh
f h
4b4ngqLogh(d(e+fx>wquﬁg[41§igil]+
fg-eh
f h
4thpquogh(d(e+f@pw}ﬂﬂgp_gj_fl]+
fg-eh
2 h<e+-Fx)
12b2fp2q2(g4-hx)(a~+bLog[c(d(e-+fx)p)q}) PolyLog[z, et
-fg+eh
h f
240> fp’q® (g+hx) (a+blog[c (d (e+fx)P)]) PolyLog|3, hlerfx),
-fg+eh
h(e+-FX) h<e+-Fx)
24b4'ng4q4PolyLog{4, 7} +24b4fhp4q4xPolyLog[4, nie+rx;
-fgreh -fg+eh

Problem 450: Result more than twice size of optimal antiderivative.

J (g+hxf ix

(a+blLog[c (d (e+fx)P)9])?
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Optimal (type 4, 326 leaves, 21 steps):

_r

bZ .F3 I:)2 q2

a+bloglc (d(e+fx)P)7]

e boa (fg-eh)? (e+fx) (c(d (e+fx)p)q>’i ExpIntegralEi| |+

bpg
1

bz .F3 p2 CI2

2

e imah (Fg-eh) (e+fx)? (c(d(e+fx)P)9)

2 (a+bLoglc (d (e+fx)p)q”}+ 1
bpq b2.F3p2q2
3 (a+blog|c (d(e+fx)P)%])

ExpIntegralki|

3e e h? (e+Fx)? (c (d (e+Fx)P)9) se ExpIntegralki |

} _

bpq
(e+fx) (g+hx)2

bfpg (a+blog[c (d(e+fx)P)%])

Result (type 4, 1310leaves):
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1 — Pya)~r
b% 3 p2q? (a+blogfc (d (e+Ffx)P)?]) e (e (d e fx)?))

—beeb%fzgzpq(c (d (e+-Fx)p)q)r:iq—be;T:-F3g2pqx(c (d (e+fx)p)q)piq—

2beein 2 ghpax (c (d (e+fx)?)9)rr-2bein fghpax? (c (d (e+Fx)P)%) -
—beb%-Fz'thqXB' (c(d(e+Ffx)P)d )ﬁ

a+blogfc (d(e+fx)P)T]

3
p

beceb%-thzpqx2 (c(d(e+Fx)P)?) s

+

a ehrs £2 g> (e+fx) (c(d (e+fx)p)q)%Explntegr‘alEi[ 0o g | -
a+blogfc (d(e+fx)P)9]
bpq
a+blogfc (d(e+fx)P)T] ]
bpq

2 (a+bLoglc (d (e+fx)P)T])
bpq

2 (a+bLoglc (d (e+fx)P)])
bpq

2ae<eb%fgh (e+fx) (c(d (e+fx)p)q)ﬁEprntegr‘alEi[

|+

a e? ehpa h? (e+fx) (c(d (e+fx)p)q)ﬁEprntegr‘alEi[

4a eﬁfgh <e+fx)2 (c(d (e+fx>p)q)ﬁEprntegr‘alEi[

] -

4aeeoh? (e+Fx)? (c(d (e+fx)p)q)ﬁEprntegr‘a1Ei[ |+

3 (a+blogfc (d(e+fx)P)7])
bpq

3ah? (e+fx)’ExpIntegralki|

|+

a+blogfc (d(e+fx)P)9]

b ebre £2 g’ (e+fx) (c(d (e+-Fx)p)q)£Eprntegr'alEi[ ]

N szq
Log[c (d (e+fx)P)%] -2beerrs fgh (e+fx) (c(d(e+fx)P)%) o
a+bloglc (d(e+fx)P)T]

ExpIntegralEi| " | Log[c (d (e+Fx)P)9] +be? eivr h? (e+fx)
Pq

a+blogfc (d(e+fx)P)9]
bpg

2 1 2 bL d fx)P)
4bewra fgh (e+fx)? (c(d(e+Ffx)P)?) ra ExpIntegralki| (2 og[cb( e+ £x)")°])
P4

(c (d (e+fx)p)q)ﬁEprntegr‘alEi[ | Log[c (d (e+Fx)P)9] +

]

Log[c (d (e+fx)P)7] - 4beevssh? (e+fx>2<c (d (e+fx>p)q)ﬁ
2 (a+blogfc (d(e+Fx)P)T])

ExpIntegralEi| ) ] Log|c (d <e+fx>p>q] *
Pq

3 (a+bLog[c (d (e+fx>p)q”

3bh? (e+1:x)3 ExpIntegralEi| | Log|c (d (e+-Fx)p)q]

bpq

Problem 460: Unable to integrate problem.
J(g+hx)2\/a+bLog[c (d (e+Ffx)P)9] dx

Optimal (type 4, 488 leaves, 18 steps):
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- b e i (fg-eh)?Vp Vi Va

23

Ja+bLog[ (d (e+fx)P)7]
Vo Vo VT

;?Wefplh(fg-eh)ﬁ\/?ﬁ(ewx)z(c (d (e+x)P)9) s

Er‘fl \ﬁ\/a+bLog (d <e+'FX> ) ] ] \/—@ bpqhz\/—\/i\/_
Vo p Ve

(e+x) (c(d(e+Fx)P)9) raErfi]

] -

\ﬁ\/aerLog [c (d (e+Fx)P)T]
Vb \p Va

(e+1‘x)3 (c (d (e+-Fx)p)q)’iEr"F1

|+

(fg-eh)? (e+fx) \/a+bLog{c (d (e+fx)P)7]
.F3

+

h(fg-eh) (e+fx)2\/a+bLog[c (d (e+fx)P)T] . h2 (e+fx)3\/a+bLog[c (d (e+fx)P)]

Lid 33

Result (type 8, 32leaves):

J(g+hx)2\/a+bLog[c (d (e+Fx)P)9] dx

Problem 461: Unable to integrate problem.
J(g+hx) \/a+bLog[c (d (e+Ffx)P)9] dx

Optimal (type 4, 311 leaves, 13 steps):
——\/—ebpq (fg-eh)/p /r Vq (e+fx)

2 2

Javoroglefdfer X)) 1

Vb b Va 4
W@@“W’FWMW (6 (e £)°) ) o ey [ Y220 LB[e (4 [e £)7)°]
i Vo b /e

(fg-eh) (e+fx) \/a+bLog[c (d (e+fx)P)] +h(eJr-Fx)z\/a+bLog[c( (e+fx)P)7]

2 2 2

(c(d (e+fx)p)q)’piq Erfi|

|+

Result (type 8, 30leaves):

J(nghx) Ja+blog[c (d (e+fx)?)9] ax
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Problem 462: Attempted integration timed out after 120 seconds.
J\/a+bLog[c (d (e+Fx)P)?] dx

Optimal (type 4, 139leaves, 6 steps):

\/a+bLog[c (d (e+fx)P)]
VB VP VA

b B VA (e fx) (e (d (e 7)) v enr I

(e+Fx) \/a+bLog[c (d (e+fx)P)]
f

Result (type 1, 1leaves):
???

Problem 465: Unable to integrate problem.
J(g+hx)2 (a+blog[c (d (e+Ffx)P)?])**ax

Optimal (type 4, 625 leaves, 21 steps):
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%Bbyze’ﬁ (-Fg—eh)2p3/2\/;q3/2 <e+-Fx)
af

[\/a+bLog[c (d (e+Ffx)P)] }+L

Vo g 2

2

3b3/2e’sz:h (-Fg—eh) p3/2 /E q3/? (e+-Fx)2 (c (d (e+fx)p)q)’ﬁ
2

Er‘fi[ﬁ\/aerLog[c (d (e+Fx)P)9] . 1 b3/2<e’:T:h2p3/2 n o2
Vo b o 129 E

(c (d (e+Fx)P)%) s Erfi

[\E\/aerLog[c (d (e+fx)P)]
o e Ve
3b (-Fg—eh)zpq (e+fx) \/a+bLog[c (d (e+fx)P)]
23

(e+1‘x)3 (c (d (e+-Fx)p)q)’iEr"Fi

} _

3bh (fg-eh)pgq (e+-Fx)2\/a+bLog[c (d (e+Ffx)P)9]
4

bh?2pq (e+fx)3\/a+bLog[c (d (e+fx)p)q}

+

6
(Fg—eh)z <e+'Fx) (a+bLog[c (d <e+.|:x>p)q”3/2 )
£
h(fg-eh) (e+fx)? (a+blog[c (d (e+fx)P)q])?? )
£
h? (e« fx)* (a+bLog[c (d <e+fX)P>q])3/2
3

Result (type 8, 32leaves):

j(nghx)z (a+bLog[c (d (e+fx)p>q])3/zdx

Problem 466: Unable to integrate problem.
J(nghx) (a+blog[c (d (e+fx)?)9])*?ax

Optimal (type 4, 396 leaves, 15 steps):
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1

32 e i (Fgoeh) p 2 ¢ (e s £x) (c (d (e £x)P)9) e

4f
Erfi[Ja+bLog[c (d (e+fx)P)] . 1 3b3/2ebz:th3/2\/7q3/2
5V T 166 :
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Problem 467: Unable to integrate problem.
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Problem 470: Result more than twice size of optimal antiderivative.
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Problem 474: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 404 leaves, 26 steps):
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Problem 478: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 514 leaves, 42 steps):
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Log[ceq(—pLog[e+-Fx]+Log[d (e+-Fx)P}) (d (e+-Fx)p) - Log[d (e+Fx)?] ]]]J} _

1
_ (a+b[pqLog[e+fX}Log[d (e+fx)P] [q
bpq

q (-pLlogle+fx] +Log[d (e+fx)P])

\/?EF-F[\/?J

(-p Log[e+fx]+Log[d (e+fx)P])

+Log|[cef

Log[d (e+fx)P]
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1

bpq

qiq( pLog[e+f x| +Log[d (e+Fx)P])
(d (e+~Fx>p) Log|d (e+fx)P] }]]]] \/

q (-plLogle+fx] +Log[d (e+Ffx)P]) ] .
Log[d (e+fx)P]

[a+b

pglogle+fx]-Log[d (e+fx)P] [q—

9 (-pLog[e+fx]+Log[d (en‘x)p]/‘\
Log[Ceq (-p Log[e+fx]+Log[d (e+fx)P]) <d <e+fX>p>q Log|d (e x)7) ]]J] /

b2 'F3 pZ q2 \/

b {—q (-pLogle+fx] +Logld (e+fx)P]) -

a+bpqglogle+fx]+bq (-plogle+fx]+Log[d (e+fx)P])+

Log[d (e+fx)P]

q (-pLlogle+fx] +Log[d (e+Fx)p])J
q- +

Log[d (e +fx)P]

9 [-pLog[e+fx|+Log[d (e+Fx)P]|
LOg[Ceq (-pLog[e+fx]+Log[d (e+fx)P]) <d <e+fx)p> Log[d (e-Fx)?] ]]J] .

J[aerpqLog[ewa] +bq (-plogle+fx] +Log[d (e+fx)P|)+

b {—q (-pLogle+fx] +Log[d (e+fx)P]) -

Log[d (e+fx)P|

q (-plogle+fx] +Log[d (e+Fx)p})J
q- +

Log[d (e +fx)P]

_q[ ploglesfx]Log[d (e+fx)?])
Log[ceq (-pLoglefx]+Log[d (erf)?]) (d (e+fx)p> Log[d (erfx)?] ]]J

[_[(z (e+x) (g+hx)?) /

Log[d (e+fx)P]) +b

3bfpq [a+bpqLog[e+fx} +bq (—pLog[e+fx] .

-q (-plogle+fx] +Log[d (e+Ffx)P]) -

Log[d e+ £x)°] (q q(-plogle+fx] +Log[d (e+fx)P]) ] )

Log[d (e+fx)P]

~a[-pLog[esfx] Log[d (e+x]?]) 2
Log [C ed (-p Log[e+fx]+Log[d (e+fx)P}) (d (e +f X) p) Log[d (e+Fx)?] } J ] _

(4 (e+fx) (g+hx] (-Fg+2eh+3-th))/[sz-l:zpzq2 (a+bpqLog[e+-Fx]+
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bg (-plogle+fx] +Log[d (e+fx)P|)+b|-q (-plogle+fx]+Log[d (e+Ffx)P|)-

. _q(—pLog[e+-Fx]+Log[d(e+-Fx)'°]) .
Log[d (e+fx)?] |q Log[d (e + £x)°] ]

_a[-pLog[e~fx]+Log[d (e+fx)?])
Log[ceq (-p Log[e+fx]+Log[d (e+fx)P]) <d (e+‘FX>p)q Log|d (e x)7 ]]]]

Problem 489: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(g+hx)3/2 (a+blog[c (d (e+Ffx)P)?])*ax
Optimal (type 4, 635 leaves, 29 steps):

368 b2 ('Fg—eh)zpzqzx/nghx 128b? (fg-eh) p*q? (g+hx)3/2 16 b2 p? g2 (g+hx>5/2
+ +
752 h 225fh 125 h

368 b2 (fg-eh)*?p? qZAr‘cTanh[@] 8b2 (fg_eh)¥2p? qur‘cTanh[m]z

fgeh fgeh
75 £°/2 h B 5£5/2h -

8b(fg-eh)?’pgVg+hx (a+bloglc (d(e+fx)P)?])

52 .
8b(fg-eh)pq(g+hx)>? (a+blogfc (d (e+Ffx)P)])

15 fh )
8bpq (g+hx)>? (a+blog[c (d(e+fx)P)%]) .

25 h
8b<-Fg—eh)5/2qur‘cTanh[ﬂf£:x] (a+blLogfc (d (e+fx)P)T])
e
5i5/2h '

2 (g+hx)>? (a+blog[c (d (e+Ffx)P)?])?

+

5h

16b? (fg-eh)®/?p2 qZArcTanh[L\/? ghx | Log[ —2—]

fg-eh 1_\/7\/g+hx

A\ fg-eh
.
5f/2h
8b% (fg-eh)>?p2q?Polylog[2, 1- ﬁ
10 g+hx
\ fg-eh
5¢/2h

Result (type 5, 2450 leaves):
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1 fg-eh+h (e+fx
2b%gp? g2 g ( )
.F
3fh [1+ 0t
fg-eh

) 1 h(e+fx)
3h (e+fx) Hyper‘geometr‘lcPFQ[{—;, 1, 1, 1}, {2, 2, 2}, Traien i
-Tg+e

) 1 h (e+fx)
3h (e+fx) HypergeometrlcPFQ[{—r£5 1, 1}, (2,2}, ——

| Logle+fx] -
-fg+eh

h(e+fﬂ
fg-eh

1+

fglogle+fx]?+ehlogle+fx])%2+fg Log[e+fx]?-

h(e+f@
fg-eh

1+

Logle+fx]?+h (e+fXx) Log[e +fx]?| -

fg-eh+h(e+fx
2b2p2q2 g ( )
f
2 h (e+fx
152 h /1+J—Lfg—eh

. 3 h<e+'Fx)
10fgh (e+fx) HypergeometrlcPFQ[{——£3 1, 1,1}, {2,2,2}), —————

-fg+eh

3 h(e+Fﬂ

10eh® (e+fx) HypergeometricPFQ[{—‘f, 1, 1,1}, {2,2,2}, ———

2 -fg+eh

1 h (e+'Fx>

(e+fx) Hyper‘geometr‘icPFQH— =, 1,1,1}, {2,2,2}, ———
2

| +15eh?

| -4f*g’Logle+fx] +
-fg+eh

- - fg-eh+h (e+fx)
8efghlogle+fx] -4e“h“Logle+fx] +4f°g P A
g-e

Logle+fx] -

fg-eh+h (e+fx)
fg-eh

8efgh

Log[e +fx] +4e?h? feg-ehh (e fx]
fg-eh

Log[e +f x] +

fg-eh+h (e+f
8fgh (e+fx) g-eh-hfe~fx)

Log[e+fx] -8eh? (e+fx]|
fg-eh

fg-eh+h (e+fx)
fg-eh

fg-eh+h f
Log[e+fx] +4h? (e+‘FX>2 g e-F+ <E+ X)
g-¢

Logle+fx] -

15eh* (e+fx)H i 1 Eii:jil -
ypergeometricPFQ|{- —, 1, 1}, {2, 2}, | Logle + fx]

2 -fg+eh
2

2f2g?logle+fx]2-efghlogle+fx]?+3e?h?Logle+fx]%+
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fg-eh+h (e+fx fg-eh+h(e+fx
2f2g? g ( ) Logle+fx]?+efgh g ( ) Log[e+fx]?-
fg-eh fg-eh

fg-eh+h f fg-eh+h f
3e2h2\/ g-eh+h (exfx] Log[e+fx}2—fgh(e+fx)\/ g-eh-hfe-fx)
fg-eh fg-eh

fg-eh+h (e+fx)
fg-eh

Log[e+fx]?+6eh? (e+-Fx)\/ Log[e + fx]?-

fg-eh+h f
3h? (e+fx)2\/ g ef+ <:+ d Logle+fx]?+10h (-fg+eh) (e+fX)
g-e

h (e+fx)

Hyper‘geometr‘icPFQH—Z, 1, 1}, {2, 2}, | (1+Logle+fx])|+

-fg+eh

£ fg-eh+h [esfx)
6(-Fg—eh)3/2Ar'cTanh[ \/; ]
1 fg-eh
——4bgpq -
9fh N

fg-eh+h(e+f
\/ g-e . (e+Fx) (h(e+fx) (2-3Logle+fx])+ (fg-eh) (8-3Logle+fx]))

a+bq (-plogle+fx] +Log[d (e+fx)?])+b|-q (-plogle+fx]+Log[d (e+Ffx)P])-

Log[d (e+fx)p] Q—q FpLog[eHCX] +Log[d (eﬂcx>P” J +

Log[d (e + "F X) p}
q ! (-pLog[e+f x| +Log[d (e+fx)?]) ] ] J B

Log [C e (-p Log[e+fx]+Log[d (e+fx)P|) <d (e +f X) P) Log[d (e x]?]

/_F 'Fg—eh+:1:§e+'Fx)

4bpgq 30(-Fg—eh)3/2 (2fg+3eh) ArcTanh| |+

1
225{5/2h «/-Fg,eh

fg-eh+h(e+f
\/?\/ g_¢ +f (e +Fx) (9h2(e+fx)2(2—5Log[e+fx})+

(fg-eh) (3eh (-46+15Logle+Fx])+2fg (-31+15Logle+Ffx])) +
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h(e+fx) (fg (16-15Logle+fx]) +6eh (—11+15Log[e+fx})))

a+bqg (-pLlogle+fx] +Log[d (e+fx)P]) +b (—q (-pLogle+fx] +Logld (e+fx)P]) -

Log[d (e +fx)?] |q- 9 (-plogle-fx] - Log[d [e+fx)?]) J +

Log[d (e +fx)P]

a [-pLog[e+fx|+Log[d (e+Ffx)P]|

Log|[c ed (PLoglesfxislog[d (e+fx)?]) (g (e fx)P) Log[d (e-Fx)?] ]]] +Vg+hx

ith2 a+bq (-plogle+fx] +Log[d (e+fx)P])+b|-q (-pLlogle+fx]+Logld (e+Ffx)P]) -
5
-pL f Log|d fx)P
Log[d (e £x]7] (qq( pLog[e+fx] +Log[d (e+fx) ])]+
Log[d (e+fx)P]
(-pLoge:x] Log[d (e:fx)?]) 2
Log[c eq(—pLog[e+fx]+Log[d (e+fx)P]) (d (e+'FX)p)q7 Log[d (e+Fx)?] }J] +
igx a+bqg (-pLlogle+fx] +Log[d (e+fx)?])+b|-q (-plogle+fx]+Log[d (e+Ffx)P])-
5
-plL f Log|d fx)P
Log[d (e £x)7] {q_q( pLogle+fx] +Log[d (e+fx) ])]+
Log[d (e+fx)P]
B (-pLog[e+Fx]+Log[d (e+fx)P]| 2
Log{c eQ(*pLog[e%thog[d (e+fx)P” (d (E+_Fx)p)q Log[d (erF )7 }J] N
Ehx2 a+bq (-pLlogle+fx] +Log[d (e+fx)P]) +b|-q (-plog[e+fx]+Log[d (e+Ffx)P])-
5

Log[d (e +fx)P] [q— 9 (-plogle+fx] - Log|d [e+fx)7]) ] N

Log[d (e+fx)P]

7q(’—pLog[e-Fx]+Log:d (e-Fx)":] 2
Log[c eq(—pLog[e+fx]+Log[d (e+~Fx)P” (d (e+fx)p) Log[d (e+x)?] }]]

Problem 490: Result unnecessarily involves higher level functions.

J\/m (a+bLog[c (d (e+-Fx)p)q])2dlx

Optimal (type 4, 547 leaves, 22 steps):
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64b% (fg-eh) p?g®~/g+hx 16b2p2q? (g+hx)*?
+

9fh 27 h
64b2(-Fg—eh)”zpzqur‘cTanh[@] 8b2(-Fg—eh)S/szqur'cTanh[rL@]2
fg-eh fg-eh
9'F3/2h - 3.F3/2h -
8b (fg-eh)pg/g+hx (a+bloglc (d(e+fx)P)7])
3fh
8bpq(g+hx)3/2 (a+bLoglc (d (e+Fx)P)T])
N
9h
8b<-Fg—eh)3/2qur‘cTanh[@] (a+bLogfc (d (e+fx)?)T])
fg-eh
3£/2h )
2 (g+hx)*? (a+blog[c (d (e+Ffx)P)])?
N
3h
16 b2 (-Fg—eh)3/2 p? qZAr‘cTanh[@] Log[ —*—
fg-eh 17\/\‘ +/ g+hx
Vrgen
+
362h
3/2 2
8b? (fg-eh) p? g% Polylog|2, 1—17\“:\/&“}
\/fg—eh
33/2h

Result (type 5, 365 leaves):
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1 1
— 2
9h
f (g+hx
fg-eh

RV, h f
3 b2 p? g? g+hx |3h (e+'Fx) Hyper\geometr\ichQH_l, 1,1, 1}, (2,2, 2}, M] +
2 -fg+eh
1 h (e+fx)
Logle+fx] |-3h (e+fx) HypergeometricPFQ[{-~, 1, 1}, {2, 2}, ——— | +
2 -fg+eh
flg+h f(g+h
eh+fhx M +fg|-1+ M Logle + f X] ~
fg-eh fg-eh
—2bpq 6(fg—eh)3/2Ar‘cTanh[@}+\/?m
e JFgen

(6eh-2f (4g+hx) +3f (g+hx) Log[e+fx})}

(-a+bpglogle+fx]-blog[c (d(e+fx)P)?])+

3(g+hx)*? (a-bpqlogle+fx]+blog|c (d(e+fx)?)])?

Problem 491: Result unnecessarily involves higher level functions.

dx

J(a+bLog[c (d (e+-Fx)'°)q])2
Ve

Optimal (type 4, 447 leaves, 16 steps):
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16b2+/fg-eh p? qur‘cTanh[@]
16 b%2p2g>v/g+hx Jfg-eh

h VF h

8b2/Fg_eh p?q? ArcTanh| L lehx 12
g-eh p*q’AncTanh| Jfgeh ) 8bpg+/g+hx (a+blogfc (d(e+fx)P)T])

VE h h

8b+/fg-eh qur‘cTanh[W g-hx | (a+blLog[c (d (e+fx)P)%])
Jfgeh

+

VE oh
2+/g+hx (a+bLog|c (d (e+fx)p)q])2
h

16b2+/fg-eh pzqur‘cTanh[\/?“ng | Log[ —2

fg-eh 1 eehx
y/fg—eh

+

VF h

2
8b2+/fg-eh p2g2Polylog(2, 1- ﬁiﬁ}

1. MF Vehx

\/fg—eh

VF h
Result (type 5, 646 leaves):
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1
——— 2 |a’fg-4abfgpg+a’fhx-
fh~/g+hx
f h
4abfhpgx+4ab~/f /fg-eh pq/g+hx Nmem[j:;—gi—lL]+
Vfg-eh
f +hx 1 h (e+fx
b>hp? g* (e + fx) 44@;44442 HypergeometricPFQ[{~, 1, 1, 1}, (2, 2, 2}, —j—————lﬂ +
fg-eh 2 -fg+eh
4b®fgp*qg®logle+fx] +4b>fhp?g®xLlogle+fx] -
f h
4b*~\/f Jfg-eh p?g®~/g+hx Ar‘cTanh[w] Logle+fx] -b*>hp?q® (e+fXx)
Vfg-eh
f(g+hx) 1 h (e+fx)
—————— HypergeometricPFQ[{—, 1, 1}, {2, 2}, — | Log[e+fX] -
fg-eh 2 -fg+eh
f +hx f +hx
b% fgp?q? 7<g ) Log[e+fx]?2+b2ehp?qg? 7<g ) Log[e+fx]2+
fg-eh fg-eh

2abfgloglc (d (e+fx)?)?] -4b>Ffgpqlog[c (d (e+fx)?)%] +
2abfhxlog[c (d(e+fx)P)% -4b>fhpgxLlog[c (d (e+Ffx)P)]+

JEJgihx
Vfg-eh

4b*+/f \/fg-eh pg+/g+hx ArcTanh| ] Log[c (d (e+fx)?)9] +

bzfgLogk(d(e+fxf)ﬂ2+b2fthogk(d(e+fxw)ﬂ2]

Problem 492: Result unnecessarily involves higher level functions.

Jwa+bLogh(d(e+fo)ﬂ)2

)3/2

dx
(g+hX

Optimal (type 4, 330leaves, 11 steps):
8b2\/F-F_pzqur‘cTanh{iz—\ﬁgii}2

A/ fg-eh
h~/fg-eh
vV \/g+hx p\q
8b+/f pgArcTanh bL d f
VF paArcTan [«ngh J (a+bLoglc (d(e+Fx)?)%]) 2(a+bLogk(d(e+fx)ﬂq}V

h~/fg-eh hvg+hx

1612 \/F p? g2 ArcTanh [ “E1% | fog| —2 ] gb2/f p?q?Polylog[2, 1- —=—|

fgeh 1 VF Venx 1 MF Vehx

V,Fg’Eh \fgeh

hvfg-eh hvfg-eh
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Result (type 5, 356 leaves):

VF g X

2/fF (g +h x) Ar‘cTanh[
fg-eh

| +V/fg-eh +/g+hx Logle+fx]

1
—2||2bpg
h

(-a+bpgqLlogle+fx] -bLog[c (d (e+fx)p)q])]/ (\/W (g+hx)) -

(a-bpglogle+fx]+blog[c (d(e+Ffx)P)%])?

+

\Vg+hx
f (g+hx) . 3 h (e+fx)
b>p®q® |h (e+fx) | ——+ HypergeometrlcPFQ[{l, 1,1, =}, {2,2,2), —— |+
fg-eh 2 -fg+eh
f h
(fg-eh) Logle+fx] ||-1+ -—Ei—jl Logle + fx] -
fg-eh
f h f h
(g+hx) Log[l 1+ (g+hx) }]”/(({geh) \/m)
fg-eh 2 fg-eh

Problem 493: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J<a+bLog[C (d (e+‘FX>p)q]>2

(g+hx>5/2

Optimal (type 4, 449 leaves, 15 steps):

VF +/g+hx
fg-eh

16 b? 3/2 p2 g2 ArcTanh [

3h (fg-eh)??

8 p2 £3/2 p2 q2 ArcTanh { f Jehx 12
Jfeen ~ 8bfpq(a+bloglc (d(e+Ffx)P)])
+

3h (fg-eh)?? 3h (fg-eh)g+hx
8b /2 pqarcTanh [ L8R ] (5, b d (e« fx)P)°
P ArcTanh| Jfgeh J (a+bloglc (d e+ Fx)?)%]) 2 (a+blog|c (d (e+1‘x)p)q})2
3h(fg-eh)¥? 3h (g+hx)*?
16 b2 £3/2 p2 g2 Ar‘cTanh[%x ] LOg[Lﬁz\‘m} 8 b? £3/2p2 g2 Polylog[2, 1 - E}
J‘fg—eh Jfg—eh

3h (fg-eh)®? 3h (fg-eh)®?
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Result (type 5, 1311 leaves):

\/? fg-eh+h (\e+fx)
2Ar‘cTanh[ f ]
1 [fa-
—4abf¥2pq |- feeh +
3h ('Fg—eh)3/2

fg-eh+h(e+f
\/?\/ e-¢ e+ Fx) (2h(e+-Fx)—-Fg(—2+Log[e+-Fx])+eh(—2+Log[e+-Fx]))/

.F
Nes / fg-eh+h (e+fx)
2 ArcTanh [ f }

(('Fgfeh> (fg+fhx)2> +i4b2f3/2pq2 m
3h ('Fgfeh)”z

fg-eh+h(e+f
\/?\/ e-¢ -F(e d (2h(e+Fx)—-Fg(—2+Log[e+-Fx])+eh(—2+Log[e+-Fx]))/

((-Fg—eh) (-Fg+fhx)2) (-pLogle+fx] +Log[d (e+fx)P]) +

Nea / fgfeh#; [e+fx)
2 ArcTanh [ }

1 fg-eh
—4p2f32pq |- fze .
3h (fg-eh)?

fg-eh+h +Ff
\F\/ g-e 1:(e x) (2h(e+-Fx)7-Fg(72+Log[e+-Fx])+eh(72+|_og[e+1cx])>/

((-Fg—eh) (-Fg+fhx)2) [q (-pLogle+fx] +Log[d (e+fx)P]) -
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Log[d (e+fx)P]

q (-pLlogle+fx] +Log[d (e+fx)p”]
q- +

Log[d (e+fx)P]

_q[-pLog[e-Fx]+Log[d (e+x)"]]

Log[Ceq (-p Log[e+fx]+Log[d (e+fx)P]) (d <e+_FX)p>CI rog[d (erFx)7) 1

]Bh (g+hx)3?

2|a+bq (-pLlogle+fx] +Log|d (e+fx)P|)+b|-q (-plogle+fx]+Log[d (e+Ffx)P])-

q (-plogle+fx] +Log[d (e+-Fx)p])J
N

Log|d (e +fx p q-
3 )" Log[d (e+fx)P]
q (fp Log[e+fx]+Log[d (e+fx)P]) 2
Log[c@q (- Logle+Fx] +Log[d (e+fx)?]) (d (e+fx)p>q7 Log[d (e-Fx)?] ]]] +
! 2b%fp?qg? 3h(e+-Fx) (-Fg+-th)

3h (fg-eh)? (fg+fhx) ﬂbﬂ{%ﬂﬂi

fg-eh+h (e+fx) 5 h (e+fx)
HypergeometricPFQ[{1, 1,1, =}, (2,2, 2}, ——— | +
fg-eh 2 -fg+eh
fg-eh+h (e+fx)
(fg-eh) Logle+fx] |[4fg-4eh+4h (e+fx)-4fg . " +
g-e

fg-eh+h (e+f fg-eh+h (e+f
4eh\/ g-eh+h (e+fx) 4h(e+fx)\/ g-eh+h (e+fx) .

fg-eh fg-eh

fg-eh+h (e+fx)
fg-eh

-FgLog[e+fx]+ehLog[e+fx}+fg\/ Logle + fx] -

fg-ehih(e+f fg-ehih(e+f
eh\/ g-eh-hfefx) Log[e+fx}+h(e+fx)\/ g-ehhlerfx) Log[e + fx] -

fg-eh fg-eh
fg-eh+h (e+fx)\?? h f
4(fgeh>[ g-eh-hfe~fx) Log[l 1+ 1+4(e+ X) ]J]
fg-eh 2 fg-eh

Problem 494: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+bLog[c (d (e+fx)p)q])2

(g+hX>7/2

Optimal (type 4, 537 leaves, 20 steps):
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16 b2 .FZ p2 q2
15h (fg-eh)?+/g+hx
64 b2 £5/2 p2 g2 ArcTanh [ S grhx ] 8 b2 5/2 p2 g2 ArcTanh [ S grhx }2

+

\/fg-eh fg-eh
i +
15h (fg-eh)®? 5h (fg-eh)®?
8bfpq (a+blogfc(d(e+fx)P)9]) 8bfipqg (a+bLloglc (d(e+Ffx)P)T])
N -
15h (fg-eh) (g+hx)?? 5h(fg-eh)®/g+hx
8 b £5/2 p g ArcTanh [ LELeshx bl d(e+fx)P)
p qArcTanh | — | (a+bLlogfc (d(e+fx)P)%]) 2 (a+blog[c (d (e+Fx)P)9])?
S5h(fg-eh)>? 5h (g+hx)®?
VF +h x
16 b2 £5/2 p2 g% ArcTanh | {gih ]Log[liﬁz\em 8b2-F5/2p2q2PolyLog[2,1—%}
Jfeg-eh - Jfegeh
S5h(fg-eh)®? 5h(fg-eh)®?

Result (type 5, 1349 leaves):
1

5h(fg-eh)® (fg+fhx)? |feehileta

fg-eh+h(e+f
5h(e+fx) (fg+fhx)2\/ g ef+ <:+ X)
g-e

h (e+-Fx)

2 b2 .FZ p2 q2

. 7 2
HypergeometricPFQ[ {1, 1, 1, —}, {2, 2, 2}, | -5h(e+fx) (fg+fhx)
2 -fg+eh

h f
hlerfx) | Logle+fx] +

-Fg—eh+h(e+fx) 7
HypergeometricPFQ[{1, 1, —}, {2, 2},
fg-eh 2 -fg+eh

f eh+h e+-Fx
(fg-eh) |f2g* |- L ) -
fg-eh
fg-eh+h (e+fx) fg-eh+h (e+fx)
2fgh |- e+-Fx +e -1+ +
fg-eh fg-eh
f eh+h e+Fx fg-eh+h (e+fx
h*>|-2e (e+fx) g- ) +<e+-Fx)2 g ( ) +
fg- eh fg-eh
fg-eh+h(e+fx
e? -1+ g < ) Logle +fx]?| +
fg-eh
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\/? fg-e h+: (e+fx)
6 ArcTanh | E]

1 fg-eh fg-eh+h(e+fx
——4abf*?pq |- ge +[VF g ( )
15h (fg-eh)®? f

p(fg-eh)(fg+fhx)+6(fg+fhxy-3(fg-thLogm+fx])//

1
4b2 _F5/2 qu
15h

+

“fg—ehf(Fg+fhxf

\/T fg-e h+}; (e+fx)
6Ar‘cTanh[£}

B fg-eh v 'Fg—eh+h<e+-Fx)
(fg-eh)®? f

(2 (fg-eh) (fg+fhx)+6 (fg+fhx)*>-3 (Fg—eh)zLog[e+-Fx]) /

((fg_eh>2 (-Fg+-th)3) (-pLogle+fx] +Log[d (e+fx)P]) + "
15

6 ArcTanh | f ] .
A/ fg-eh \F g—eh+h<e+-Fx)
+

('Fg—eh)s/2 f

4b2‘F5/2pq _

P(fg—eh)(Fg+fhx)+6(Fg+fhxf—3(fg—thLogM+fx])//
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((Fg—eh)2 (-Fg+1:hx)3) [—q (-pLogle+fx] +Log[d (e+Ffx)P]) -

Log[d (e +fx)?] [q— @ (-plogle:x] +Log[d [e+ £x)7]) J +

Log[d (e+fx)P]

q (7p Log[e+f x| +Log[d (e+fx)P] )

Log [c @9 (-plogle+fx]+Log[d (e+fx)?]) (d (e +f x) P) & Log[d (e+Fx]?] ] ] _ 1
5h

g+hx)5/2

2|a+bq (-pLlogle+fx] +Log[d (e+fx)P])+b|-q (-plogle+fx]+Log[d (e+Ffx)P])-

Log[d (e+£x)?] |q- @ (-pLogle-fx] -togld (e fx)7]) ] .

Log[d (e +fx)P]
_a[-pLog[efx]tog[d [e+fx]"]) ] ] JZ

Log [C e (*p Log[e+f x] *LOg[d (eJ’fX)p” (d <e +f X) p) Log[d (e+fx)P]

Problem 495: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(a+bLog[c (d (e+Fx)P)9])?

(g+hx)9/2

Optimal (type 4, 625 leaves, 26 steps):
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368 b2 £7/2 pz qz ArcTanh { @}
16 b2 £2 p2 g2 128 b2 3 p2 g2 Jfeeh

- + +

105h (fg-eh)? (g+hx)*? 105h (fg-eh)>+/g+hx 105h (fg-eh)’?

8 b2 f7/2 p2 g2 Ar‘cTanh{@ 2
Jfeen ~ 8bfpq(a+bloglc (d(e+fx)?)])
N +

7h(fg-eh)’? 35h (fg-eh) (g+hx)>?
8bf2pq (a+blog[c(d(e+fx)P)?) 8bfipq(a+blog|c(d(e+fx)P)%])
n _
21h (fg-eh)? (g+hx)*? 7h(fg-eh)’®/g+hx
\F g+hX
8b f’/2 p qArcTanh bL d fx)P)a
p qArcTanh| — | (a+blLog[c (d (e+fx)P)%]) 2 (a+ b Log[c (d (e« Fx]?)9])?
7h (fg-eh)’? 7h (g+hx)’?
2.£7/2 52 42 VF o g+hx 2 2 .£7/2 52 42 2
16 b= /% p* q ArcTanh[ J?E:ﬁ: ] LOg[liJ?@ng 8 b f’/“p°q PolyLog[Z,l 17J:me }
Jegen B Vegen
7h(fg-eh)’? 7h(fg-eh)’?

Result (type 5, 1582 leaves):
1

7h(fg-eh)® (fg+fhx)® |feehiietd

fg-eh+h(e+f
7h (e+fx) (-Fg+fhx)3\/ & ef+ <:+ J
g-e

h (e+fx)

2 bZ 'F3 p2 q2

HypergeometricPFQ[ {1, 1, 1, g}, (2,2, 2}, ] -7h (e+fx) (-Fg+1°hx)3
2

-fg+eh

h +f
M] Log[e + fx] +

fg-eh 2 -fg+eh

1+\/fg—eh+h(e+$ﬂ

fg-eh
fg-eh+h (e+fx)
e |[-1+
fg-eh

fg-eh+h (e+f
(e+fxfx/ g-eh+hferfx) +e?

fg-eh

fg-eh+h f
\/ g-eh+h [e~fx] HypergeometricPFQ[ {1, 1, 2}, (2,2},

(Fgfeh) f3 g3 -3f2g%h

fg-eh+h f
=T

fg-eh

+3fgh?

fg-eh+h (e+fx)
-1+
fg-eh

fg-eh+h (e+f
_2e(e+fx)J g ef+ <:+ ” +
g-e
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fg-eh+h f fg-eh+h f
h3 |3 e? <e+fx)\/ g-ehhfe:fx] 3e(e+fx)2\/ g-eh+h(e-fx) .
fg-eh fg-eh
fg-eh+h(e+f fg-eh+h(e+f
(e+fx)3\/ g-eh+hferfx) -e3 1+\/ g-eh-hferfx) Logle + fx]2| +
fg-eh fg-eh
\/? fg-eh+h (e+fx)
30 Ar‘cTanh[Ef ]
4abf’’?pq |- feel NG fg-eh+h (e+fx)
1e5h (fg-eh)’? f

(s(fg-ehy(fg+fhx)+1e(fg-eh)(fg+fhxf+3e(fg+fhxf-

15 (fg—eh)3Log[e+fx]) /((‘Cg*ehf(fgﬂ‘hx)“) .

JE fgfeh+:[e7fx/\
30 ArcTanh | ]

fg-eh

1
—A4 bZ .':7/2 p q2
105 h (fg—eh)”z

fg-eh+h(e+f
wJ Eeth 2T o (g en)? (fgFhx] 10 [fg-en) (Fgfhx)s

30 (fg+fhx)’-15 (fgfeh)3Log[e+Fx]) /((fg,eh>3 <Fg+fhx)4)

(-pLogle+fx] +Log[d (e+fx)P]) + 412 £7/2

105 h
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A/ fg-eh

(-Fg—eh)”2

\/? fg-e h+: (e+fx]
30 ArcTanh [ }

fg-eh+h (e+f
WJ Eeth BT o rgen)? (i) 0 (Fgoen) (Fgh)*s

30 (-Fg+-th)3—15 (Fg—eh)BLog[e+-Fx]) /((-Fg—eh)3 (-Fg+-th>4>

(—q (-pLogle+fx] + Log|[d (e+1°x)p]) - Log|[d (e+fx)p]

q—q (-plLogle+fx] +Log[d (e+fx)P]) ] .
Log[d (e+fx)P]

_a[-pLog[e~Fx]-Log[d (e+fx)?])

Log[c ed (—p Log[e+fx]+Log[d (e+'FX)P” (d (e +.FX)P)q Log[d (e+fx)?] }J _ 1
7h (

g+hx)7/2

2 |a+bgqg (-plogl[e+fx] +Log|d (e+fx>p}) +b|-q (-plogle+fx] +Log|d (e+-Fx)p]) -

Log[d (e+fx)P] |q-

q (-plogle+fx] +Log[d (e+fx)P]) J .
Log[d (e+fx)P]

IE Log [e+f x] +Log[d (e+Fx)] ) 2
Log[c el (-p Log[e+fx]+Log|d (e+fx)v]) (d <e + 'FX) p) Log[d [erfx)?] ]

Problem 518: Result unnecessarily involves imaginary or complex numbers.

dx

JaerLog[C (d <e+fx>p)q]

g+ hx?

Optimal (type 4, 249 leaves, 9steps):

f(V-g -Vh x flve Vb x
(a+bLog[c <d <e+fx>p>q”|'og[f\fg+eﬁ } ) (a+bLog[c (d (E+fx>P>q]>L0g[ £/ g eVh ]7
Vh (e+fx) /h (erfx)
bpqPolylog|2, —{ﬁieﬁ] bpqPolylog|2, fﬁmﬁ}

+

2v/-g Vh 2v/-g Vh
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Result (type 4, 261 leaves):

1
2/g Vh
X h x h x
2aArcTan| | -2bpqgArcTan]| | Logle + fx] +2bArcTan| | Log[c (d (e+Fx)P)9] +
Ve Ve Ve
\/F(eJr-Fx) \/F(eJr-Fx)
ibpgqlogle+fx] Log[1l- | -ibpglogle+fx]Llog[l- ———"—]+
-ifg +eh ifig +evh
W(ewa) \/F(ewa)

ibpqPolylog|2, | -ibpgPolyLog|2,

—]i‘F\/E-%—E\/F i'F\/E+E\/F]

Problem 519: Attempted integration timed out after 120 seconds.

Ja+bLog[c (d (e+fx)P)]
V2+hx?
Optimal (type 4, 335leaves, 11 steps):

dx

Vhox

Arcsinh |

bqurcsinh[%}z bp qArcSinh| = | Log[1+ eﬁ_m}

2+/h Vh

Jh x]

ArcSinh| p—
b p gArcSinh [%] Log[1+ yze V2 ¢

J2 o f
o VF 2 fiein Ar‘cSinh{%] (a+bLog[c (d (e+Fx)P)T])
N

" Vh
bpqPolyLog|2, _LM] bpqPolylog|2, _LM]
" Vh
Result (type 1, 1leaves):

PP

Problem 520: Attempted integration timed out after 120 seconds.
Ja+bLog[c (d (e+fx)P)9]
\/g+hx?

Optimal (type 4, 515leaves, 12 steps):

dx
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ArcSinh | ,wa
2 . 2 h x? . v/h x e Ve fo/g
b\g pg |1+ ™ ArcSinh vh x bvg pq [1+ ArcSinh Log |1+
g [ Ve ] g [ Ve ] [ e+/h -1/ f2g+e?h }

2+/h +/g+hx? A hoA/g+hx?

ArcSinh[V“LX:
bvg pq |1+ ™ Arcsinh|[YhX] Log[1+ &t FVE
& [ Ve ] [ e/h +/f2g+e?h ]
.
\hoA/g+hx?

Vg 1+thz Ar‘cSinh[%} (a+blLog[c (d (e+Fx)P)?])

\/Fx/g+hx2

v

Ar‘csinh[v‘“hjx] ArcSinh| zx]
bg pa [1+" Polylog[2, - =8| b/gpq [1+" Polylog[2, - & FIE
& [ e\/?*\/m } g [ e\m+m ]

\hoA/g+hx? \h /g +hx?

Result (type 1, 1leaves):

2P

Problem 521: Attempted integration timed out after 120 seconds.

dx

JaerLog[C <d <e+fx>p)q]

V2-hx V2+hx

Optimal (type 4, 287 leaves, 10 steps):

hx,
iArcsin[ ™

. hx 2 2 f
jbqur‘cSin[hTX]z bqur‘c51n[ ZX} Log[1+ ﬂe:_m]

2h h

b pgArcSin { hx} Log [1 . ZeiArcsjn[?": .

2 cemfarom ] ) Ar‘cSin[hTX} (a+bLoglc (d (e+Fx)P)T])

h h

+

(e e nx
i ArcSin| N ] i Arcsin| N ]

ibpqPolylog|2, - —2¢—>F ibpgqPolylog|2, - —2¢—>F
{ ’ ieh-+/4f*-e’h? } { ’ ieh+/4f*-e?h? }
+
h h

Result (type 1, 1leaves):

2?0
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Problem 522: Attempted integration timed out after 120 seconds.

dx

Ja+bLog[c (d (e+Fx)P)]
Vg-hx \/g+hx

Optimal (type 4, 519 leaves, 12 steps):

i Arcsin| "]

. h? x? . [hx]2 h? x? s [ hx e o fg
- b 1- ArcS L 1
ibgpq |1 - Ar‘cSm[g] gpq | o Arc 1n[g] og| +“hi — ]

2h+/g-hx Vg+hx hvg-hx v/g+hx

i Arcsin u]

bgpq /1—"2"2 ArcSin|™*] Log[1+ —&—=tFB
g {g} [ iehi/fg2e?n?

+

hvg-hx /g+hx

g |1- hzg;‘Z ArcSin[ "

hv/g-hx /g+hx

ibgpa [1- "X polylog[2, - <"~ * i ] ibgpq |1- "X polylog[2, - < fE]
g ieh/fgern? g iehi/fg2e?h?

| (a+blog[c (d (e+fx)P)%])

w2

+

h\/g—hx \/g+hx h\/g—hx \/g+hx

Result (type 1, 1leaves):

???

Problem 531: Result more than twice size of optimal antiderivative.

j(i+jx) (a+bLog[c (d (e+fx)p)q])2
g+hx

dx

Optimal (type 4, 240leaves, 11 steps):
2abjpgqx 2b?jp*g2x 2b2jpq (e+fx) Log|c (d(e+fx)P)%]

+

j(e+fx) (arbloglc(derfx)?)9))? (ni-g3) (a+bLog[c (d (e x]")])* Log| x|
. +
fh h?
2b (hi-gj)pa(a+blogfc(d(e+fx)?)?]) PolyLog[2, - " &1 ]
h? 7
2b* (hi-g3J) p?q?Polylog|3, - " =T |
h?2

Result (type 4, 866 leaves):
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1
- -2abehjpg+2b%ehjp?g*+a’fhjx-2abfhjpgx+
fh

2b>2fhjp?g’x+2abehjpqlogje+fx] -b>ehjp?q®Logle+fx]?-
2b’ehjpqglogc (d(e+fx)P) +2abfhjxLog|c (d (e+fx)P)%] -
2b>fhjpgxLog[c (d (e+fx)P)% +2b*ehjpqglogle+fx] Log|c (d(e+Ffx)P)]+
bthijogh(d(e+fxﬁ)ﬂ2+a2fhiLogm+hx]—azfgjLogM+hx1—
2abfhipqglogie+fx]Log[g+hx]+2abfgjpqloge+fx]Log[g+hx]+
b2fhip?qg®Llogle+fx]?Log[g+hx] -b>fgijp?qg®Logle+fx]?Log[g+hx]+
2abfhilog|c (d(e+fx)P)* ]UK[g+hx]—2abfgjLogh(d(e+fx)ﬂq]Ug[g+hx]—

2b?fhipglogle+fx]Loglc (d(e+fx)P)] Loglg+hx] +

/_\/.\

d(e+fx)P)?] Log[g+hx] +

[c
2b’fgjpaqlogle+fx] Log[c
] Log[g+hx] -b?fgjLog[c (d (e+-Fx)p)q]2Log[g+hx]+

b>fhilog[c (d(e+fx)P)?

f e hx) fg+hx)
2abfhipqmgM+FXJwgp—————ﬂ—2abfgqumgm+fx]mgp_______
fg-eh fg_eh
f h ¢ o
b2-Fhip2q2Log[e+Fx]2Log[M]+b2ngpzquog[eJr_FX]zLog[M )
fg-eh fg-eh
f h
2b2fhipgqlogle+fx] Log|c (d (e.,.-fX)P)q]Log[M}_
fg-eh
f h
2653 patogie s £x] Log[e (4 (e £x)7]°] tog| 5L,
fg-eh
h f
2bf(hi—gj)pq(a+bL0g[c (d <e+fX)P)q”polyLog[2’ M .
-fg+eh
h f
2b2{< hl+g]> POlyLog[ M
-fg+eh

Problem 532: Result more than twice size of optimal antiderivative.

dx

(a+bLogh(d(e+fo)ﬂ)2
J g+hx
Optimal (type 4, 123 leaves, 5steps):
(a+bLogk<d(e+fx)ﬂq”2Log“1&mQ]

fg-eh
h
2bpgq (a+blog[c (d (e+fx)P)]) PolyLog|2, —bﬁiiigq 2b2p2 g2 PolylLog|3, —nﬁiffl]
h ) h

Result (type 4, 324 leaves):
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1
— |a’log[g+hx]-2abpqlog[e+fx] Log[g+hx] +
h

b®p? q* Logle+fx]*Log[g+hx] +2ablog|c (d (e+fx)?)?] Loglg+hx] -
2b?pqlogle+fx] Log[c (d (e+fx)P)?] Log[g+hx] +b?Log[c (d (e+-Fx)p)q]ZLog[g+hx] +

f (g+hx) f (g+hx)
2abpqlogle+fx] Log[— "] -b2p2q?Logle+Fx]2Log[——— ] +
fg-eh fg_eh
f h
2b2pqlogle+fx] Log[c (d (e+fx)P)9] Log[M] .
fg-eh
h(e+f hles s
2br>q(a+—bLog[c(d(e-+fx)P)q])p01yLog{2,<_Lii__fl]__2b2p2q2PolyLog[3, _lfj__il
-fg+eh _fgieh

Problem 533: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[c (d (e+fx)p)q])2
(g+hx) (1+3x)
Optimal (type 4, 288 leaves, 11 steps):

(3 b Log[c [d (e £x)°)7])* Log[ 222 ] (- bLog[c (d [ £x]?)7] ) Log [ *32%

fi-ej
hj_,gj hi’gj
2bpaq (a+blogfc (d(e+fx)?)?]) Polylog[2, - " & ]
hi-gj
j (e+f
2bpgq (a+blog[c (d (e+fx)P)%]) PolyLog|2, - fi,e;( ]
hi-gj
2b2p? g2 PolyLog|3, f%:ﬁ)-] 2 b2 p? g% Polylog|3, fu—)‘f:t:;( ]
hi-gj hi-gj

Result (type 4, 652 leaves):
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a’log[g+hx] -2abpqlogle+fx]Log[g+hx] +
hi-gj
b®p? q* Logle+fx]*Log[g+hx] +2ablog|c (d (e+fx)?)?] Loglg+hx] -
2b?pqlogle+fx] Log[c (d (e+fx)P)?] Log[g+hx] +b?Log[c (d (e+fx)p)q]2Log[g+hx] +
fleshx) ] —b2p2q2Log[e+-Fx}2Log[7f lg-hx) +
fg-eh fg-eh
f (g+hx)
fg-eh ]7
a’log[i+jx] +2abpqglogle+fx] Log[i+jx]-
b®p? q* Logle+fx]?Log[i+jx] -2ablog[c (d (e+fx)P)] Log[i+jx]+
2b>pqlogle+fx] Log[c (d (e+fx)P)?] Log[i+Jx]-b*Log[c (d (e+-Fx)p)q]2Log[i+jx] -

2abpqlogle+fx] Log|

2b?pqlogle+fx] Log|c (d (e+Fx)p)q] Log|

£ (i P
2abpqglogle+fx] Log[M]+b2p2q2Log[e+fx}2Log[M -
fFi-ej fi-ej
f(i+jﬂ
2b>pqlogle+fx)] Log[c (d(e+Ffx)P)?]| Log[——] +
fi-e]
h f
2bpgq (a+blog|c (d (e+fx)P)]) PolyLog|2, M -
-fg+eh
j(e+fx)
2bpgq (a+blogfc (d (e+fx)P)]) Polylog[2, ——] -
_fise]
h(e+'FX) j<e+'FX)

2b? p? g PolyLog|3, | +2b%p? g? Polylog|3,

-fg+eh -fivrej

Problem 535: Result more than twice size of optimal antiderivative.

3

J(i+jx)2 (a+bLogfc (d (e+Fx)P)T]) i

g+hx

Optimal (type 4, 742 leaves, 24 steps):
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6ab2j(Fi—ej)p2q2x+6ab2j(hi—gj)pzqzx
fh h?
6b°j (fi-ej)p’g®x 6b°J (hi-gj)p’q’x 3b3j2p3q3(e+fx)2+
£h h2 8 f2h
6b>j (fi-ej)p?q? (e+fx) Log[c (d (e+Ffx)P)T]
h
6b>j (hi-gj)p*q® (e+fx) Log[c (d (e+Ffx)P)T]
fh?
3b23%2p2q? (e+fx)? (a+blog[c (d(e+fx)P)%])
4fh )
3bj (fi-ej)pq(e+fx) (a+blogfc (d (e+Fx)p>q])2
£h i
3bj (hi-gj)pq(e+fx) (a+bLogf[c (d(e+fx)?)I])?
£h? .
3bj%pq (e+fx)? (a+blogfc (d(e+Ffx)?)9])?
4fh
j(fi-ej) (e+fx) (a+blogc (d (e+fx)p)q})3
£h
j(hi-gj) (e+fx) (a+blogc (d (e+-Fx)p)q”3+j2 (e+-Fx)2 (a+blog|c (d (e+fx)p)q”3+
£ h? 2¢2h

(hi-gj)? (a+bLog[c (d (e+fx>p)q”3Log[%:t2—:)—]

+

+

+

+

1

h3 h3

hlewfx) 1
fg-eh h3
h f

6b% (hi-gj)?p*q? (a+blog[c (d (e+fx)P)9]) PolyLog[3, _%} X
g-e

3b(hi-gj)®pq (a+blogfc (d (e+fx)p)q})2PolyLog[2, -

6 b3 (hi,gj>2p3 q3 PolyLog[4, *h_.F(Zt—::L}

h3

Result (type 4, 4146 leaves):
1

8 2 h3
96b’efh?ijp*q®+48b3efghij?p®g®+16a>f’h?ijx-8a®fighj’x-
48a’bf?h?ijpqgx+24a’bf?ghij’pgx+12a2befh?j?pqx+96ab’f2h?ijp’®qg®x-
48 ab?f2ghj?p?g’x-36ab’efh?j?p?g?x-96b3f2h?2ijp3q®x+48b3Ff2ghi?p3g®x+
42b3efh?i?p’g®x+4a3f?h?j?x?-6a’bf’h?>j?2pgx®+6ab?f>h?j2p?2qg®>x?-
3b3f2h?j2p3g®x?+48a’befh?ijpqglogle+fx]-24a’befghij’?pqlogle+fx] -
12a’be’h?j?pqlogle+fx] +36ab’e?h?j?p?q®Logle+fx] -42b3e?h?j2p3q®Logle+fx] -
48ab’efh?ijp?qg®logle+fx]?+24ab’efghj?p?®qg®Llogle+fx]?+
12ab?e?h?j2p?g?Log[e+fx]?-18b%e?h?j%2p3q®Logle+Ffx]?%+
16b3efh?ijp3qg®logle+fx]>-8b3efghij?p3®q®Logle+fx]3-
4b*e?h?j2p3q®Logle+fx]>-96ab’efh?ijpqlog|c (d(e+fx)P)%] +

-48a’befh’ijpg+24a’befghij’pgq+96ab?efh’ijp?>q?’-48ab’efghij’p?qg®-
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48ab’efghj’pqlog|c (d(e+fx)P)? ]+96b3e-Fh213p q Log{ (dj(e+1=x)p
48b3e-thJZp2q2Log[ (d (e+fx)P)7] +48a>bFf>h?ijxLogc (d (e+fx)P)?
24a’bf2ghj’xLloglc (d (e+fx)P)?] -96ab>f>h?ijpgxLog[c (d(e+fx)P

] - ]
48ab?f2ghj? pquog[c (d (e+fx)P)7] +24ab?efh?j2pgxLog[c (d (e+Fx)P)] +
96 b> f2h? i j p> q*> x Log[c (d (e+Ffx)P)9] - 48b3f2ghjzp2q2xLog{ (d (e+Fx)P)9] -
36b%efh?j2p>g’xLog|c (d (e+fx)P)?] +12a’bf>h?j%>x* Log|c (d (e+fx)P)?] -
12ab’>f2h?j2pgx*Log[c (d (e+Fx)P)9] +6b 2 h? j2p>q® x> Log[c (d (e +Fx)P)I] +
96ab*efh’>ijpqlogle+fx]Loglc (d(e+fx)?)?]-

(

48ab’efghj’pqlogle+fx] Log|c
24ab’e’h?j’pqlogle+fx] Log|c (d
36b3e2h232p2q2Log[e+-Fx} Log[ (d (e+fx)P)
48b*efh?ijp?q®Logle+fx]*Loglc (d (e+Ffx)P)T]+
24b°efghj?p’®q®Logle+fx]?Log[c (d (e+fx)P)%] +

12b%e?h? j2p? q® Log[e + Fx] 2 Log[c (d (e + fx)P)%] -

48b*efh?ijpqlog|c (d (e+fx)p)q}2+24b3efghj pqlog|c (d (e+fx)p)q}2+
48 ab>f>h?ijxLog|c (d <e+fx)p)q]2—24ab2F2ghj2xLog[c (d (e+-Fx)p>q]2—
48b*f2h?ijpqgxLog|c (d (e+fx)p>q]2+24b3fzghj2pquog[c (d (e+fx)p)q]2+
12b*efh?j?pgxLoglc (d (e+Fx)p>q]2+12ab2-F2hzjzxzLog[c (d (e+fx)p)q}2—
6b> > h? j2pqx’ Log|c (d <e+fx)p)q]2+48b3efhzijpqLog[e+fx] Log|c (d <e+fx)p)q}2—
24b*efghj?pqlogle+fx] Log|c (d (e+fx>p)q}2—

12b°e?h*>j2pqLlogle+fx] Log|c (d <e+fx)p)q}2+16b3f2hzijxLog[c (d (e+fx)p)q}3—
8b*f2ghj2xLog[c (d (e+fx)P)9]* +4b>f2h? 3% x? Log[c (d (e+Fx)P)?]*+
8a>f2h?i?log[g+hx] -16a3f>ghijlog[g+hx]+8a®f>g?jLog[g+hx] -
24a’bf?h?i2pqlogle+fx] Log[g+hx] +48a’bf2ghijpqlogle+fx] Log[g+hx] -
24a’bf2g?j?pqlogle+fx] Log[g+hx]+24ab2f>h?i2p?qg?®Log[e+fx]%Log[g+hx] -
48 ab?f2ghijp?q’®Llogle+fx]?Log[g+hx] +24ab2-F2g2]2pzquog[eJr-Fx]zLog[nghx} -
8b>f2h2i?p3g3Logle+fx]>Log[g+hx] +16b>f>ghijp3qg®Logle+fx]>Log[g+hx] -
8b*f?g? j>p*> g’ Log[e+ fx]’ Log[g+hx] +24a’bf>h?i%Log[c (d (e+fx)P)] Loglg+hx] -
48a’bf>ghijlog|c (d (e+fx)P)] Loglg+hx] +

24a%b 2 g?j% Log[c (d (e+fx)P)%] Log[g+hx] -

48ab>f>h?i’pqlogle+fx] Log[c (d (e+fx)P)?] Log[g+hx] +
96ab2-F2gh1]pqLog[e+fx] Log[c (d (e+fx)P)] Loglg+hx] -

48 ab?f?g? j2pqlogle+fx] Log[c (d (e+Ffx)P)?
24b3f2h212p2q2Log[e+Fx1 Log[c (d (e+fx)P)%] Log[g+hx] -
48b*>f2ghijp?q*Logle+fx]?Log|[c (d (e+Fx)P)] Loglg+hx] +

24b° 2 g? 32 p> q® Log[e + fx] % Log[c (d (e+Fx)P)7] Log[g+hx] +

24ab’>f2h?i% Log|c (d (e+fx)P )] Log[g+hx] -48ab?f2ghij

Log[c (d (e+Fx)P)1 } Log[g+hx] +24ab?f* g’ j2 Log[c (d (e+fx)p)q}2Log[g+hx}f
24b° f2h*i%pqLlogle+fx] Log[c (d (e+fx)P )} Log[g+hx] +
48b*f2ghijpgqlogle+fx] Log[c (d (e+fx)p)q}2Log[g+hx}—

24b° f2 g j?pqLlogle+fx] Log|c (d <e+fx)p)q}2Log[g+hx]+

8b>f2h?i? Log[c (d (e+-Fx)p)q]3Log[g+hx]—

16b° f2ghijLog[c (d (e+fx)p)q}3Log[g+hx}+

d )
d(e+fx)P)? -
((e+-Fx) ): +

]
J -
)*
A

]Log g+hx] +
q

f (g+hx> )

8b*f? g? j2 Log|[c (d (e+fx)p)q]3Log[g+hx] +24a’bf2h?i?pqlog[e+fx] Log| p A
g-e
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f h
48¥bfzghiquu¥[e+fulﬂgﬂ—@:—ll]+
fg-eh
f (g+hx)
24a’bf?g?j’pqlogle+fx] Log| ———] -
fg-eh
f h
24 ab?f2h%i2p?g? Log[e+fx}2Log[M] +48ab2f2ghijp?qg?
fg-eh
f h f h
lﬂg[e+fxflng[—igi—fl]—24ab2fzgj2p2&lpg[e+fxflng[—i§i—il]+
fg-eh fg-eh
f h
8b3f2Nj?p3flng[e+fxﬁlng{—£§i—fl]—16b3fzghijp3q3ug[e+fxﬁ
g-e
f h f h
Log[AgﬁgiA—il]4+8b3f2g2j2p3q3Log[e4ffx]3Log[44E%i44il N
fg-eh fg-eh
f (g+hx)
48 ab>f>h?i’pqlogle+fx] Log[c (d (e+Ffx)P)?]| Log[ ———] -
fg-eh
f h
96ab2f2ghiqulpg[e+fx]Logh(d(e+fx)ﬂq}Logﬂ:?i:—ﬁl +
g-e
f h
48ab2F2§j2pqLogm+fx]Logk(d(e+FxV)ﬂlmg[—i§:—il]f
fg-eh
f h
24b3f2Wj?p2q2ug[e+fx}2ug[c(d(e+fx)ﬂq}Logyjyi:—ﬁl +
g-e
f h
48bLPghijp2&Logm+fxﬁLogh(d(e+FxV)ﬂlngﬂ:gi—fl -
g-e
f h
24b3f2g2j2p2q2Log[e+—fx}2Log[c(d(e-rfx)p)q}Log[;gi:) +
g-e
f h
24b3f2Wj?pqlpg[e+fx]Lpg[c(d<e+fx)ﬂq}2LogL—ﬂiigil],
fg-eh
f h
48b3f2ghiqulng[e+fx]Logh(d(e+fx)ﬂquﬂg[—L§i—fl]+
fg-eh
f h
24b3f2g2j2pqLog[e+fx]Log{c(d(e+fx)ﬂq}2LogP—EE:—il +
fg-eh
h f
24b#(higjqu(a+bLogh<d(e+fxf)ﬂ)2RHWQgP,jf+73 -
-Tg+e
, h(e+fx)
48b*f* (hi-gj) pzqz(a-rbLog[c(d(ea»fx)p)q})PolyLog[B,——;————?r]+
—fg+e
h (e+fx)
48 b £2h?i?p’ ¢’ Polylog[4, —— ] -
-fg+eh
h (e+fx) h(e+fx)
96 b f>ghijp®q®Polylog[4, ———| +48Db° 2 g? j>p*> ¢’ Polylog[4, ——
-fg+eh -fg+eh

Problem 536: Result more than twice size of optimal antiderivative.
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dx

J(i+jx) (a+bLog[c (d (e+fx)p)q])3

g+hx

Optimal (type 4, 349leaves, 13 steps):
6ab2jp2q’x 6b3jp3gix 6b>jp’q? (e+fx) Log[c (d(e+Ffx)P)T]

h h fh
0pa (e Fx] (avbLoglc (d (e fx)?)7]® 3 (e fx] [asbLoglc d (e x7)7])’
fh fh
(hi-gj) (a+blLog[c (d (e+fx)p)q])3Log[f—;§1—?—} 1
h? h2
3b(hi-gj)pq(a+blog|c (d (e+fx)p)q})2PolyLog[2, hfi%:)} 7hl_2
6b> (hi-g3j)p’q® (a+blog|c (d(e+fx)P)?]) PolyLog|3, —hfi%):] +

6 b3 (hi—gj) p3q? PolyLog[4, *%Z—:EL}

h2

Result (type 4, 1806 leaves):

1

— -3a’behjpqg+6ab’ehjp?g’-6b3ehjp3qg’®+

fh
a®fhjx-3a’bfhjpgx+6ab®>fhjp>g’x-6b>fhjp>g®>x~
3a’behjpqlogle+fx]-3ab’ehjp®qg®Llogle+fx]2+b3ehjp3qdLogle+fx]>-
6ab’ehjpqlog|c (d(e+fx)?)%] +6b>ehjp®q®Log[c (d (e+Ffx)P)I]+

3a’bfhjxlogc(d(e+fx)P)? -6ab>fhjpgxLlog[c(d(e+fx)P)?]+

c

6b>fhjp’g’xLog[c (d(e+fx)P)% +6ab’ehjpqlogle+fx] Log[c (d(e+Ffx)P)]-

3b*ehjp®q’Llogle+fx]?Log[c (d (e+Ffx)P)I]-
3b*ehjpgqlog|c (d (e+fx)p)q}2+3abthjXLOg[C (d (e“cX)p)q}z*

3b>fhjpgxLog|c (d (e+fx)p)q}2+3b3ehjpqLog[e+Fx} Log|c (d (e+fx>p)q]2+

b’>fhjxLog|c (d (e+Fx)p)q]3+a3-FhiLog[g+hx] -a’fgjlog[g+hx] -
3a?bfhipqglogle+fx] Log[g+hx] +3a’bfgjpqlogle+fx]Log[g+hx]+
3ab?fhip?qg®logle+fx]2Log[g+hx] -3ab®fgjp?>q?®Llogle+fx]%Log[g+hx] -
b>fhip3q®Logle+fx]3Log[g+hx] +b>fgjp3q®Logle+Ffx]3Log[g+hx] +

3a’bfhilog|c (d(e+fx)?)9] Loglg+hx] -3a’bfgjlog|c (d(e+fx)")?] Loglg+hx] -

6ab’fhipqglogle+fx] Logc (d(e+fx)P

[ )9] Log[g+hx] +
6ab2fgjpqlogle+fx]Log[c (d(e+fx)P) [

p

p

9 Logig+hx] +
)9] Log
)9] Log

3b>fhip?qg®Llog[e+fx]? d(e+fx)

Log|c g+hx] -
3b>fgjp’q®Llogle+fx]?Log

[
(e+fx) [g+hx] +

3b>fhipqlogle+fx] Log|c e+fx)P)1 ] Log[g+hx] +

X
[c (d
3ab?fhiloglc (d(e+fx)P )} Log[g + h x] —3ab2-ngLog[ c(d (e+fx)p)q]2Log[g+hx]—
(d
c (d

3b>fgjpqlogle+fx] Log|c e+fx)P)9 ] Log[g+hx] +

b>fhilog[c (d(e+fx)P )] Log(g+hx] -b>fgjLog[c (d (e+Fx)p)q]3Log[g+hx]+
'F(g+hx)

h
M} -3a’bfgjpqlLogle+fx] Log|

3a’bfhipgqlogle+fx] Log|
fg-eh fg-eh

+
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|+

flg+h f(g+h
3ab2fhip2q2LOg[E+fX]2LOg{M}+3ab2fgjPZqZLog[e+-Fx]2|_og[ (g+ X)
fg-eh fg-eh
'F(g+hx> 'F<g+hx)
b3'Fhip3q3Log[e+-Fx]3|_og{7]_b3.ngp3q3Log[e+fX]3Log{7 .
fg-eh fg-eh
f h
b7 thipaLogle s £x] Log|c (d (e Fx]7)] Log[ 1= -
fg-eh
f h
6awfgquLogm+fx]Ug[cw<e+fxy)ﬂlpgy_gi_fl}_
fg-eh
f h
3b>fhip®q’Llogle+fx]?Log[c (d(e+Ffx)P)9] Log| (g~ X>]+
fg-eh
f h
3b°fgjp?q?Logle+fx]?Log[c (d (eﬂcx)'”)q]Log[M N
fg-eh
f h
3wfhiqugm+fomgk<d@+fxw)HZMg[<g+ ﬂ B
fg-eh
f h
3b°fgjpalogle+fx] Log|c (d (e+fx>p)q]2Log[M .
fg-eh
h f
3bf(hi7gj>pq(a+bLogh(d(e+fxﬁ)ﬂ)2mﬂwﬁgpjAjfigfl B
-fg+eh
h f
6t (1 g3) bt a-bLogle (d feFx)7]7]) potytog[s, ")
-fg+eh
hle+f hle+f
6 b fhip®q®PolyLog[4, M] -6b*fgjp’q’Polylog|4, M
-fg+eh -fg+eh

Problem 537: Result more than twice size of optimal antiderivative.

J(a+bLog[c (d (e+-Fx)'°)q])3

g+hx

dx

Optimal (type 4, 177 leaves, 6 steps):

(a+bLogh<d(e+fx)wq”3Log“155Q]

fg-eh
h
3bpq (a+bLog[c (d <e+fx)p)q})2PolyLog[2, *hf::: }
h
6 b2 p2 g2 <a+bLog[c (d <e+fx>P)q” polyLog[B, —h—g:tﬁ)-] ) 6 b3 p3 g3 PolyLogH, —h—fiiﬁ)—}
h h

Result (type 4, 646 leaves):
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1
— |a’Log[g+hx] -3a’bpqglog[e+fx] Log[g+hx]+3ab?p?qg®Logle+fx]?Log[g+hx] -
h

b’ p? q® Log[e + fx]?Log[g+hx] +3a*blog[c (d (e+fx)P)9]| Log[g+hx] -
6ab’pqlogle+fx]Log[c (d(e+fx)P)? Loglg+hx]+
3b%p®q® Log[e+fx]?Log[c (d (e+fx)P)?] Log[g+hx] +3ab’Log[c (d (e+fx)P)?]
lpgm+hx]73ﬁpqLogM+fx}mgk(d(e+f@pw]ﬁﬁgm+hx}+

f (g+hx)

b3 LOg[C <d (e+fx>p)q}3Log[g+hx] +3a’bpgqglogle +fx] Log[ﬁ _
g-e

2

f h ¢ "
M]+b3p3q3Log[e+fx}3Log[M N
fg-eh fe_eh
f (g+hx>
fg-eh
f (g+hx)
- |t
fg-eh

f h
3b3pqmgm+fx]mgh(d(e+fﬂpw]2mg[ff+e:>]+

3ab?p?q?Logle +fx]?Log|
6ab’pqlogle+fx]Log[c (d(e+fx)P)% Log|

3b3p2¥lpg[e+Fx12ug[c<d(e+fx>ﬂq}Log[

3bpgq (a+blog[c (d (e+Fx)p)q])2PolyLog[2, ] -
-fg+eh
h f
6b>p’>q® (a+bLlog[c (d (e+fx)P)9]) PolylLog|3, _jfii_jﬂ_}+
-fg+eh

h f

6b3 p3 q3 POlyLOg[4; M
-fg+eh

Problem 538: Result more than twice size of optimal antiderivative.

dx

Jwa+bLogh(d(e+Fx)ﬂq”3

(g+hx) (i+3x)

Optimal (type 4, 410leaves, 13 steps):
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2+ ogle (4 (e x)7]]) Log[ (42| (2 bLoge (d (e )7 ) Log[ (3]

P i fi-ej
hi-gj hi-g]
3bpgq (a+blog|c (d (e+fx)p)q})2PolyLog[2, —%:ﬁq
hi-gj
3bpq (a~bLogc (d (e« x)?)?] ) PolyLog[2, - et ]
hi-gj
6b%p®g? (a+bLog[c (d (e+Fx)P)%]) PolyLog|3, 7%:—:?]
hi-gj
67 p2q? (a+bLogc (d (e + £x)?)?] ) Polylog[3, - 1o
hi-gj
6b%p* o’ Polylog[4, - " =T ] i 6b° p’ o PolyLog[4, - 1T
hi-gj hi-gj

Result (type 4, 1350 leaves):
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- - |a’Log[g+hx] -3a’bpqlogle+fx] Log[g+hx] +3ab*p®q®Logle+fx]?Log[g+hx] -
1-8]
b’ p? q® Log[e + fx]?Log[g+hx] +3a*blog[c (d (e+fx)P)9]| Log[g+hx] -
6ab’pqlogle+fx]Log[c (d(e+fx)P)] Loglg+hx] +
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Log[g+hx] -3b’>pgqlog[e~+fx] Log[c (d (e+fx)p)q]2Log[g+hx} +
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fg-eh fg-eh
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6ab’pqlogle+fx]Log[c (d(e+fx)P)%] Log[i+jx]-
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3b>pqlogle+fx] Log[c (d (e+Fx)p)q]2Log[i+jx] -
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b’ Log[c (d (e+fx)P)%]  Log[i+jx]-3a’bpqlogle+fx] Log[ﬁ]Jr
i-ej
.F 1 1 'F . .
3ab? p2 ? Logle « £ x12 Log | )] 3 533 Logle + £x17 Log [ 3%
fFi-ej Fi-ej
£ (i+3x)
6ab’pqlogle+fx] Log[c (d(e+fx)P)? Log]——]+
fi-ej
f(i+jﬂ
3b%p® g® Log[e + fx]?Log[c (d (e+fx)P)?]| Log[ ——] -
fFi-ej
,  F(i+3x)
3b>pqlogle+fx]Loglc (d(e+fx)P)9]| Log| ——]+
fi-e]
h f
3bpq(a+bLog[c (d (e+fx)p)q])2PolyLog[2, M _
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Summary of Integration Test Results

547 integration problems

A - 379 optimal antiderivatives

B - 60 more than twice size of optimal antiderivatives
C - 75 unnecessarily complex antiderivatives

D - 23 unable tointegrate problems

E - 10integration timeouts



